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Magnetic singularities known as Bloch points (BPs) present a fundamental challenge for
micromagnetic theory, which is based on the assumption of a fixed magnetization vector length. Due
to the divergence of the effective field at a BP, classical micromagnetics fails to adequately describe
BP dynamics. To address this issue, we propose a regularized micromagnetic model in which the
magnetization vector can vary in length but not exceed a threshold value. More specifically, the
magnetization is treated as an order parameter constrained to an S3-sphere. This constraint respects
fundamental properties of local spin expectation values in quantum systems. We derive the
corresponding regularized Landau-Lifshitz-Gilbert equation and the analog of the Thiele equation
describing the steady motion of spin textures under various external stimuli. We demonstrate the
applicability of our theory by modeling the dynamics of several magnetic textures containing BPs,
including domain walls in nanowires, chiral bobbers, and magnetic dipolar strings. The presented
results extend micromagnetic theory by incorporating a regularized description of BP dynamics.

Micromagnetism1–4 is a well-established classical field theory that describes
both static and dynamic properties of magnetic media, including bulk and
nanoscale crystals, amorphous alloys, and heterostructures. The success of
micromagnetism lies in its strong predictive power. It accurately describes,
for example, the dynamics of domain walls, resonance spectra, magneti-
zation reversal loops, and many other experimentally observed
phenomena4.Micromagnetismhas profoundly influenced the development
of technologies based on magnetic materials, including computing
devices5–7, data storage8–10, electric motors11, and robotics12,13.

In micromagnetism, the magnetization in a ferromagnet is considered
a continuous three-dimensional vector field n(r), defined at every point r
within the sample. Continuity of the magnetization field is a central
assumption of micromagnetic theory–and, at the same time, one of its key
limitations. It holds for a broad but nevertheless limited class of magnetic
spin textures. In particular, only a few years after Brown formulated the
foundations of micromagnetism1, Feldtkeller14 and Döring15 independently
demonstrated that, in certain configurations representing statically stable
solutions of themicromagnetic Hamiltonian, this continuity is broken. The
solutions they identified correspond to hedgehog-like vector fields, n = r/r,
stabilized by boundary conditions in ball-shaped samples. Today, such
point-like topological defects are commonly referred to as Bloch
points (BPs).

Subsequent studies have shown that BPs can be stabilized under var-
ious conditions. For instance, BPs arise naturally during dynamic processes,

such as the nucleation and annihilation of topologically non-trivial spin
textures, including merons16, skyrmions17,18, and hopfions19–21. Therefore, a
consistent theory that allows for themodelingofBPdynamics is essential for
constructing a unified physical picture of topological magnetic solitons.

The existence of BPs and their mobility in the magnetic samples are
supported by numerous direct and indirect experimental observations22–46,
and has a long history of theoretical study47–90. In contrast, describing BP
dynamics remains a fundamental challenge for micromagnetic theory. The
obstacle lies in the divergence of the effective field in the magnetization
dynamics equation when a BP is present. This divergence stems directly
from the constraint of constant magnetization magnitude. One of the ear-
liest attempts to address the divergence of the effective field at magnetic
singularities was made in Ref. 55. Their phenomenological approach is
based on the Landau-Lifshitz-Bar’yakhtar91 equation and introduces a
Landau-type term, ~ χ(T)(n4− 2n2), that incorporates temperature directly
into the Hamiltonian via the parameter χ(T). While this method formally
removes the divergence in the effective field by allowing the magnetization
magnitude to vary near the core of a point singularity, it lacks a clear
connection to the standard micromagnetic framework and to the classical
Landau-Lifshitz-Gilbert (LLG) equation, which does not explicitly include
temperature. Other approaches–such as those based on the Landau-
Lifshitz-Bloch92 equation and discussed in more detail in the Discussion
section–suffer from the same limitation. In the present work, we extend the
classical micromagnetic model by introducing a higher-dimensional order-
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parameter space that naturally eliminates this divergence while preserving
the core structure of the LLG equation. This results in a unified theoretical
framework that consistently describes both smooth textures and config-
urations with singularities.

The fixed magnetization length assumed in the standard micro-
magneticmodel for smooth textures is, in general, consistentwith the results
of quantum spinmodels. However recent studies have shown that quantum
fluctuations remain significant in the vicinity of BPs93–95. These fluctuations
can substantially reduce the length of observable classical spins, but cannot
increase it. Thus, the magnetization must satisfy the inequality ∣n(r)∣≤1,
rather than being strictly constrained to unit length. Such a relaxed con-
straint enables theuseof anorderparameter that remains regular even in the
presence of BPs, thereby resolving the associated divergence. Thismotivated
us to develop a regularized micromagnetic theory capable of describing
textures both with and without BPs. Given the proven predictive power of
classical micromagnetics, such a theory should reproduce all well-
established results and modify only those solutions that contain BPs.
Here, we present such a regularized micromagnetic theory.

In this study, we first formulate the problem and introduce the order
parameter along with the regularized micromagnetic Hamiltonian, which
we refer to as theS3-model.We then derive the dynamical equation for the
S3-model, including the effects of external torques.Next, using the collective
coordinate approach, we derive an analog of the Thiele equation describing
the rigid motion of magnetic textures within this framework. The applic-
ability of the derived equations is illustrated through examples of the
dynamics of various BP-hosting spin textures. We also compare numerical
simulations based on theS3-model and the standardmicromagneticmodel
(S2-model) with analytical solutions of the Thiele equations. Finally, we
discuss the topological properties of the S3-model, review earlier experi-
ments on the dynamics of magnetic bubbles containing BPs, and address
several frequently asked questions concerning our approach, its numerical
implementation, and previously compare it with earlier attempts to reg-
ularize micromagnetic equations.

Results
In this study, we consider the following form of the micromagnetic
Hamiltonian:

E ¼
Z

½eexi þ edmi þ eddi þ eani þ ez�dV ; ð1Þ

Dn � ∇×n is the Dzyaloshinskii-Moriya interaction (DMI), eani ¼ �n �bK � n is the magnetic anisotropy, eddi ¼ � 1
2MBd � n is the demagnetizing

field interaction, and ez ¼ �MBext � n is the Zeeman interaction with the
externalmagneticfield.We denote the saturationmagnetization byM, and
define the normalized magnetization as n ¼ MðrÞ=M. Then, the
demagnetizing field Bd can be found by solving the Maxwell equation
∇ � ðBd þ μ0MnÞ ¼ 0, which in practice is typically done using a scalar
potential formulation96 or an equivalent vector potential approach97,98. The
Hamiltonian (1) can be straightforwardly extended to include additional
interactions. We adopt this form of the Hamiltonian because it covers all
example cases considered in this study.

Interestingly, the equation describing magnetization dynamics was
establishedbyLandau andLifshitz99 evenbeforemicromagnetic theory itself
was formulated. Today, this equation is commonly referred to as the LLG
equation. Its standard form, expressed in terms of the unit magnetization
vector, is given by:

_n ¼ �γn× b� αγn× ðn× bÞ; ð2Þ

where _n denotes the time derivative of the magnetization vector, γ = γ0/
(1+ α2), γ0 is the electron gyromagnetic ratio, and α is the Gilbert damping
constant. The effective field is defined as b ¼ �M�1δE=δn, where E is the
micromagnetic Hamiltonian (1). By definition, Eq. (2) preserves the

magnitude of the magnetization vector. Applying it to a magnetic texture
containing a BP inevitably leads to a divergence problem, which can be
illustrated by considering only the exchange energy term in Eq. (1). The
effective field due to exchange interaction is bexi ¼ �2AM�1∇2n. For
hedgehog-like spin textures,n= r/r, it diverges ∣bexi∣~1/r2 as r→ 0.Theonly
way to resolve the divergence problem is to allow the absolute value of
magnetization to vary continuously, reaching ∣n∣ = 0 at r = 0, i.e., at the core
of the BP (see Supplementary note 1).

However, in this case, the order parameter no longer lies on the two-
sphere S2, and one must introduce appropriate corrections to both the
model Hamiltonian (1) and the LLG equation (2). The key question is on
which manifold the order parameter should be defined.

Our previous study ofBPs in the quantumspinmodel95 showed that an
effective micromagnetic model can be formulated in terms of a magneti-
zation field defined on the three-sphere S3. In other words, the order
parameter can be defined as a four-dimensional vector ν = (ν1, ν2, ν3, ν4)
constrained toS3, i.e., ∣ν∣=1 at every point in themagnetic sample. Thefirst
three components of ν correspond to the Cartesian components of the
magnetization vector n, while the fourth component encodes the magne-
tization length via the relation

ν1 ¼ nx; ν2 ¼ ny; ν3 ¼ nz; ν
2
4 ¼ 1� jnj2: ð3Þ

As follows from (3), for ∣ν∣ = 1, the magnetization satisfies the inequality
∣n∣≤1, and thus the magnetization can be reduced up to zero but never
exceeds the maximal value (jMðrÞj≤M).

To rewrite the Hamiltonian (1) in terms of the order parameter ν,
EðnÞ7!EðνÞ, we follow the approach of Ref. 95 and generalize only the
Heisenberg exchange interaction, eexi(n)↦ eexi(ν), as follows:

eexiðνÞ ¼ A
X4
i¼1

ð∇νiÞ2 þ κν24: ð4Þ

All other terms in Eq. (1) are obtained by a straightforward substitution
(nx, ny, nz) ↦ (ν1, ν2, ν3) and thus do not depend on ν4. In particular, for
magnetostatic interactions in theS3-model, only thefirst three components
of ν contribute to the demagnetizing field Bd which is a three dimensional
vector that can be obtained from Maxwell’s equation.

The phenomenological parameter κ in Eq. (4) is assumed to be positive
and has units of J/m3. Like all other material parameters, it is treated as a
temperature-dependent quantity, κ = κ(T). This parameter also serves to
distinguish the auxiliary component ν4 from the physically measurable
components of the order parameter, ν1, ν2, and ν3.We refer to ν4 as auxiliary
because it has no direct physical observable associated with it and is intro-
duced solely to extend the order parameter space from S2 to S3 for reg-
ularization purposes.

The regularized form of the exchange energy term (4) ensures the
continuity of the order parameter, even for hedgehog-like configurations. In
such cases, themeasurable components of the order parameter can vanish at
the center of the texture and approach unity exponentially, as
� 1� expð�r=LκÞ, far from the Bloch point95. The parameter
Lκ ¼

ffiffiffiffiffiffiffiffiffiA=κ
p

, which has units of length, can be interpreted as the char-
acteristic size of the BP.

The effective field βðνÞ ¼ �M�1ðδE=δνÞ, acting on the four-
dimensional vector ν, can be computed directly from the regularized
Hamiltonian EðνÞ. Together with ν(r), the effective field β(ν) remains
continuous throughout the sample, even in the presence of BPs. In the next
section, using the above expression for effective field and following the
approach of Landau and Lifshitz99, we derive a generalized dynamical
equation for the order parameter ν.

Regularized dynamics equation
The LLG equation (2) has a simple geometric interpretation: it describes the
motion of a point constrained to the surface of a two-sphereS2 [Fig. 1a]. In
this case, _n is always perpendicular to n and lies in the tangent plane to the
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sphere,which is locally isomorphic toR2.Within this plane, _n is spannedby
two orthogonal basis vectors:− n × b and− n × (n × b), which are usually
called precession and dissipation term, respectively. These vectors form a
complete basis of the tangent space, and _n can be written as a linear com-
bination of basis vectors (cf. Eq. (2)).

In the case of dynamics on the S3-sphere [Fig. 2b], the corresponding
vector _ν is perpendicular to ν and lays in the tangent space of S3, which is
locally isomorphic toR3.Within thisR3 space, the vector _ν can be spanned
by three basis vectors, p, d and h, and can be written as linear combination:

_ν ¼ a1pþ a2dþ a3h; ð5Þ

where a1, a2, a3 are scalars that generally speaking can be functions of ν. The
fact that the tangent space of S3 is well defined everywhere–including at
points corresponding to vanishing magnetization–highlights the geometric
advantage of using thismanifold over the ballB3 ¼ fn; jnj≤ 1g, whichmay
at first appear to be a reasonable choice. Since S3 is a compact and boun-
daryless manifold–just like the standard micromagnetic model defined on
S2–it preserves afixednormof the extendedorderparameterwhile allowing
for variable magnetization length. This enables a smooth and globally well-
defined generalization of LLG dynamics, even in the presence of
singularities. In contrast, a ball B3 has a boundary and a poorly defined
tangent space at ∣n∣ = 0, making it impractical for a consistent geometric
formulation of the dynamics.

The basis vectors in (5) are required, by definition, to be mutually
orthogonal and orthogonal to ν. Without loss of generality, we define the
first basis vector p as a natural generalization of the precession term in Eq.
(2), meaning it is chosen to be orthogonal to both ν and β. In four
dimensions, however, this condition alone does not uniquely determine p –
a thirdorthogonal directionmust also befixed.To resolve this ambiguity,we

arbitrarily assume that p is orthogonal to the basis vector e4:

p ¼ ν× β× e4: ð6Þ

The right-hand side of (6) denotes the Hodge dual of the wedge product,
which is equivalent to computing the determinant of a 4 × 4 matrix whose
upper row consists of the standardR4 basis vectors (e1, e2, e3, e4) and the
next three rows contain components of the four-dimensional vectors ν, β,
and e4 = (0, 0, 0, 1).

The second basis vectord is defined by analogywith the damping term
in Eq. (2):

d ¼ νðν � βÞ � β: ð7Þ

Sinced is a linear combinationof ν andβ, both ofwhich are orthogonal top,
it follows that d is also orthogonal to p. Finally, the third basis vector h is
defined as orthogonal to ν, p and d:

h ¼ ν×p× d; ð8Þ

where, similar to (6), the right-hand side denotes the Hodge dual of the
wedge product.

Our goal is to derive dynamical equations that reduce to the standard
LLG equation (2) in the absence of BPs. By setting ν4 = 0 in Eqs. (6)–(8), we
find that Eq. (5) recovers the standard LLG form when the prefactors are
chosen asa1 =− γ and a2 =−αγ. The coefficient a3 cannot be determined in
this limiting case, as the vectorh is quadratic in the effective field and has no
counterpart in the standardLLGequation (2). Todeterminea1 anda2 in this
limit, one must formally set a3 to zero. For generality, we define a3 = ϵγ,
where ϵ is a phenomenological constant with units of 1/Tesla. It is worth
emphasizing that ϵ is assumed to be a constant. Any possible functional
dependence ϵ(ν) would need to be derived fromamore generalmicroscopic
theory beyond the phenomenological framework used here. Taking all of
the above into account, the regularized LLG equation takes the form:

_ν ¼ �γp� αγd� ϵγ ν× p×d: ð9Þ

In the following, we demonstrate that, in the first approximation, the last
term in Eq. (9) can be omitted.While the first two terms are linear in ∣β∣, the
third one is quadratic. In Supplementary Note 2, we prove that it is
impossible to construct h linear in components of β. The fact that jhj �
Oðβ2Þ suggests that it might dominate at large β. In practice, however, it is
not the case. First, note that all three terms in Eq. (9) depend only on the
component of the effective field orthogonal to ν, denoted β⊥. The long-
itudinal component, β∥ = (ν ⋅ β)ν, does not contribute to _ν, and we can
replaceβ inEqs.(6)–(8)withβ⊥=β− (ν ⋅β)ν. It canbe seen that thefirst two
terms scale linearlywithβ⊥, and the third termscales quadratically.Notably,
a similar structure appears in the standard LLG equation, where both the
precession and damping terms are linear in the transverse component of the
effective field, b⊥. In micromagnetic theory, we study the states close to
equilibrium,where ν is nearly alignedwithβ. In this regime, β⊥ is small, and
higher-order terms in β⊥ can be neglected. In the far-from-equilibrium
regime, where β⊥ is no longer small, the last term in (9) must be taken into
account. Examples of such far-from-equilibrium processes include Bloch
point nucleation and annihilation. Here, we focus on the dynamics of BPs
that are already present in the system. Therefore, in the present study, we set
ϵ = 0. A complete treatment of the regularized LLG equation with ϵ ≠ 0 will
be presented elsewhere.

Whiled andhdiffer in their structure–being linear andquadratic in the
effective field β, respectively–both torques contribute to changes in the
magnetization length, as they depend on all components of ν. Only the
precessional torque p is length-conserving, since it is orthogonal to ν and
does not contain ν4.

n νb
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Fig. 1 | Geometric interpretation of the LLG equations in the S2 and S3 models.
a,b illustrate the configuration spaces of the order parameter for the standard
micromagnetic model constrained to the two-sphere S2, and the regularized model
defined on the three-sphereS3, respectively. In (a) the three-dimensional unit vector
n lies on the two-sphere embedded in R3 space. The associated tangent space R2

contains orthogonal directions corresponding to the conventional basis vectors:
n×b (precession) andn× (n×b) (damping). In (b) the four-dimensional unit vector
ν is defined on the three-sphere S3 embedded in R4 space. Note that in (b), the
vectors ν, p, d, and h are mutually orthogonal in four-dimensional space; this
orthogonality is represented schematically, as it cannot be faithfully depicted in a
two-dimensional figure.
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External torques
When external stimuli are applied, we must distinguish whether they are
explicitly included in theHamiltonian (1), such as amagnetic field gradient,
or whether they must be directly incorporated into the LLG equation, for
instance, as an electric current. In the former, the regularized LLG equation
(9) can be used straightforwardly, and in the latter, the corresponding tor-
ques have to be added to (9). Here, we consider a practical example of
Zhang-Li spin-transfer torque100, which is often used to model the mag-
netization dynamics induced by an electric current. In case of standard LLG,
we have to add to Eq. (2) the following term:

T ¼ � ξ � α

1þ α2
n× ðu � ∇Þnþ 1þ ξα

1þ α2
ðu � ∇Þn; ð10Þ

where u ¼ μBμ0j=2eγ0Mð1þ ξ2Þ, j is the current density vector, and ξ is
the non-adiabaticity parameter. To model this torque in the S3-model, we
perform in Eq. (10) a mapping n ↦ ν taking into account the constraint
∣ν∣=1andequalityν � _ν ¼ 0 thatmusthold.The resulting expression for the
Zhang-Li spin-transfer torque in S3-model can be written as follows:

τ ¼ � ξ � α

1þ α2
½ν× ðu �∇Þν× e4� þ

1þ ξα

1þ α2
ðu � ∇Þν; ð11Þ

where the expression in square brackets represents the Hodge dual of the
wedge product as in Eqs. (6) and (8). A similar approach can be applied to
generalize other torques in the regularized LLG equation.

It isworthmentioning that external torques are typically assumed to be
small, resulting in “slow" magnetization dynamics. Capturing fast dyna-
mical processes requires extending the LLG equation with higher-order
terms, such as the nutation term101,102, which lies beyond the scope of the
presentwork.Here,we restrict our analysis to small torques and focus on the
near equilibrium regime which can be described by the terms which are
linear with respect to the effective field.

Collective coordinates approach
The steady-state dynamics of rigid magnetic textures moving at constant
velocity v under external forces or torques is of particular interest in
micromagnetic theory9. In such cases, the velocity of objects such as domain
walls, skyrmions, or vortices can be obtained directly from the Thiele
equation103, an effective equation of motion derived using the collective
coordinate approach. Thismethod avoids solving the full LLG equation and
eliminates the need for time-consuming micromagnetic simulations.
Moreover, the solution of the Thiele equation can be considered an exact
result toward which numerical simulations should converge in the limit of
steady-state motion under weak driving forces. The collective coordinate
approach assumes that the soliton’s internal structure remains rigid and
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Fig. 2 | Current-induced dynamics of various magnetic solitons in chiral mag-
nets. a–c show skyrmion tube, chiral bobber, and dipolar string, respectively. Cor-
responding magnetic texture are visualized by color-coded magnetization at the
isosurfaces (ν3 = 0) and edges of the simulated domain. Additional isosurfaces
having nearly spherical shapes indicate the position of BPs in (b) and (c) is given by
ν4 = 0.9. The first column of plots in (d–f) show the velocity dependencies on the
current density for skyrmion, chiral bobber, and dipole string, respectively, esti-
mated from micromagnetic simulations based on the standard S2-model. The

second column of plots in (g–i) shows velocity dependence estimated from
micromagnetic simulations based on the regularized S3-model. Every plot contains
velocities estimated in the simulations performed with different discretizations, see
legend in (d). In the estimation of the solitons' velocity, we used the modified
formulae for the calculation of the solitons' center, which automatically take into
accountperiodic boundary conditions. For details, see the main text and Methods
section on “Semi-analytical Thiele approach''. Numerical source data for the graph
are provided in Supplementary Data 1.
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does not undergo significant deformation–an assumption that naturally
breaks down under strong perturbations. In the weak-driving regime,
however, the texture deviates only slightly from the static configuration. In
this case, to estimate the soliton velocity using the collective coordinate
framework, it is sufficient to use the initial magnetization profile n(r, t = 0),
obtained via energy minimization. Here, we follow this approach and
compare the resulting velocities with those obtained from full micro-
magnetic simulations, demonstrating consistency between the two meth-
ods. This agreement provides a valuable benchmark of both the numerical
implementation and the underlying theoretical framework. Belowwederive
a generalized version of the Thiele equation for the S3-model.

First, we parametrize ν using spherical coordinates on the three-sphere
S3, denoted by angles Θ, Φ, and Ψ:

ν ¼

sinΘ cosΦ cosΨ

sinΘ sinΦ cosΨ

cosΘ cosΨ

sinΨ

0
BBB@

1
CCCA

T

ð12Þ

Using this parametrization, we reformulate the regularized LLG equation
(9) in terms of the spherical anglesΘ,Φ, andΨ (see SupplementaryNote 3).
In the case of rigid motion of a magnetic texture, the following relation
holds: Rðr; tÞ ¼ Rðr� vtÞ for R 2 Θ;Φ;Ψ. This implies that the time
derivatives of the spherical angles are given by:

_Θ ¼ �v � ∇Θ; _Φ ¼ �v � ∇Φ; _Ψ ¼ �v � ∇Ψ: ð13Þ

The left-hand sides of these equations can be directly obtained from the
regularized LLG equation derived in the previous step. Following the
standard procedure9, we next assume that during steady motion the total
energy of the system remains constant. As a result, the dissipation function
must vanish:

Z
δE
δΘ

∇Θþ δE
δΦ

∇Φþ δE
δΨ

∇Ψ
� �

dV ¼ 0: ð14Þ

The combined solution of Eqs. (13) and (14) yields the Thiele equation (see
Supplementary Note 4):

α g× v þ bγv ¼ f ; ð15Þ

where the force due to the electric current is given by
f ¼ �αg× u� ½ð1þ ξαÞbγþ ðξ � αÞbγ0�u=ð1þ α2Þ. Here, g is the gyro-
vector, and bγ and bγ0 are the dissipation tensors, whose components are
defined as follows:

gi ¼ ϵijk
R n�∂jn× ∂kn

n2þα2 dV ; fi; j; kg 2 fx; y; zg;
bγjk ¼ R α2∂jν�∂kνþ∂jν4∂kν4

n2þα2 dV ;

bγ0jk ¼ α
R n2∂jν�∂kν�∂jν4∂kν4

n2þα2 dV:

ð16Þ

where ϵijk is the Levi-Civita symbol. The derived Eq. (15) is applicable for
electric currents u applied in arbitrary directions when the background
magnetization is uniform, i.e., in a saturated state. However, when the
vacuum corresponds to a non-uniform magnetic configuration, such as a
spin spiral with wave vector k, natural constraints on the current direction
arise. In particular, to avoid excitation of the backgroundmagnetization, the
current must lie in the plane orthogonal to the wave vector, i.e., u⊥k. These
and related constraints on the motion of three-dimensional magnetic
textures in non-uniform backgrounds were analyzed in detail in Ref. 104.

In the following examples, we setk∥ez andu∥ex, so the current doesnot
excite the background magnetization. Consequently, for the skyrmion
string and the chiral bobber, the soliton velocity has no out-of-plane

component: v = (vx, vy, 0). For fully 3D magnetic solitons—such as
hopfions105, dipolar strings106, andhybrid skyrmion tubes104—this restriction
no longer applies, allowing solitons to move in any direction. A general
solution to the Thiele equation for this case is derived in Supplemen-
tary Note 5.

Finally, it is worth noting that setting ν4 = 0 in Eq. (15) reduces the
equation to the standard Thiele equation:

G× v þ αΓv ¼ F; ð17Þ

where the gyro-vector G has components Gi ¼
R ½ϵijkn � ∂jn× ∂kn�dV ,

the dissipation tensor Γ has components Γjk ¼
R ½∂jn � ∂kn�dV , and F is an

external force, which for the case of Zhang-Li torque is given by
F = − G × u − ξΓu.

Current-induced soliton dynamics
In this section, we present the results of numerical simulations on the
dynamics of BP-hosting spin textures using the regularized LLG equation
(9) with the Zhang-Li torque (11). These results are compared with simu-
lations based on the standard LLG simulations in Mumax3107. Our imple-
mentation of the regularized LLG equation is available in a public
repository108, which represents a modified fork of the Mumax3 code. In
addition to the regularized LLG equation, this fork includes several other
advanced features. For example, it provides an implementation of the reg-
ularized geodesic nudged elastic band method for the S3 model, which we
previously used in Ref. 106.

To illustrate the advantages of the regularized over the standard LLG
equation, we consider a skyrmion tube [Fig. 2a], chiral bobber109 [Fig. 2b],
and dipole string106 [Fig. 2c]. These solitons are representative examples of
magnetic textures containing zero, one and two BPs, respectively. These
solitons are stabilized in chiral magnets, where the natural background
(vacuum) state is a helical or conical phase.

We consider a system of size 2Le × 2Le × 2Le, where Le is the equili-
brium period of chiral modulations. Note that Le depends on the type of
magnetic anisotropy. In isotropic systems (K ¼ 0), the equilibrium period
is given by LD ¼ 4πA=D. In contrast, for systems with easy-plane aniso-
tropy (K≠0), there is no analytical solution, and Le must be found
numerically. The material parameters used to stabilize the skyrmion string
and the chiral bobber are identical, whereas the dipolar string requires
slightly different conditions (see Methods). Because of that, the value of Le
for the case of dipole string differs from that for skyrmion string and chiral
bobber. For the skyrmion string and chiral bobber, we apply periodic
boundary conditions in the xy-plane and open boundary conditions along
the z-axis. In the case of the dipolar string, a fully 3D magnetic soliton, we
model a bulk crystal and impose periodic boundary conditions in all three
directions. In our simulations, we use discretemeshes of varying densities to
demonstrate how the cuboid size influences Bloch point dynamics in both
models (see legend in Fig. 2d).

In the case of the skyrmion string [Fig. 2d, g], simulations using both
the standard and regularized LLG equations yield identical results. In both
models, the skyrmion moves with the same deflection angle arctanðvy=vxÞ.
Importantly, the outcomes of these simulations are stable with respect to
varying mesh density and show excellent agreement with analytical pre-
dictions from the Thiele equation (see Supplementary Table 1). In parti-
cular, as the current density j decreases, both the longitudinal (vx) and
transverse (vy) components of the velocity decrease linearly and vanish in
the limit j→ 0.

In contrast to the skyrmion string case, the results for the chiral bobber
and dipole string reveal substantial discrepancies between the standard and
regularized micromagnetic models. In the standard S2-based model, the
velocity exhibits a nonlinear dependence on the current density, with a
nonzero critical current belowwhichmotiondoes not occur [Fig. 2e, f]. This
behavior cannot be justified within the framework of continuum theory,
where themagneticmedium is treated as continuous and free from intrinsic
thresholds for magnetization dynamics. It also contradicts the Thiele

https://doi.org/10.1038/s42005-026-02565-z Article

Communications Physics |           (2026) 9:147 5

www.nature.com/commsphys


equation, which predicts a linear dependence of velocity on the current
density. These artifacts indicate a fundamental failure of the standard
micromagnetic model to correctly describe systems containing magnetic
singularities. Moreover, simulations based on the S2-model do not exhibit
convergence with increasing mesh density as in the case of skyrmion tube
Fig. 2d, which makes them unreliable for studying Bloch point dynamics.

The most striking inconsistency observed in simulations of the chiral
bobber and dipole string is the inverted skyrmion Hall angle upon varying
current density andmesh discretization [see sign reversal of vy in Fig. 2e, f].
Such behavior of the skyrmion Hall angle in micromagnetic simulations
contradicts the Thiele equation (17) and thus represents an artifact. In
continuum models, the sign of the skyrmion Hall angle is uniquely deter-
mined by the topological charge of the magnetic texture and remains
invariant.

On the other hand, the regularized S3-based model consistently pro-
ducesphysicallymeaningful results that donot shownoticeable dependence
on the mesh density [Fig. 2h, i]. Similar to the case of skyrmion strings
[Fig. 2g], the velocities linearly converge to zero with the current density, as
predicted by the Thiele equation (15) (see Supplementary Table 1).

BPmotion in a nanowire
In magnetic nanowires, a BP can appear at the center of a domain wall
separating two oppositely magnetized domains aligned along the wire axis
[Fig. 3a]. Such domain walls arise from the competition between the Hei-
senberg exchange interaction and the demagnetizing field. They have been
extensively studied both experimentally29,33,110–113 and theoretically114–126. In
the following, we consider a soft magnetic material modeled by taking into
account theHeisenberg exchange, demagnetizing field, and Zeeman energy
terms. Under these conditions, the head-to-head domain wall structure
depicted in Fig. 3a admits two energetically equivalent BP configurations, as
shown in Fig. 3b, c. A key feature of these systems is that a weak external
magnetic field can readily induce BP dynamics. The domain whose mag-
netization is alignedwith thefield expands, causing the domainwall and the
enclosed BP tomove along the wire. Here, we focus on the low-field, linear-
response regime, where the dynamics can be well approximated by the rigid
motion of the spin texture. Nonlinear effects, such as those associated with
ultrafast domain wall motion124, are beyond the scope of this work.

Figure 3 d and e show simulation results for BP dynamics under
external fields ranging from 1mT to 4mT, using the standard and reg-
ularizedmicromagnetic models, respectively. The results from the standard
LLG simulations reveal unphysical behavior. In particular, the response of
the domain wall to an applied magnetic field exhibits oscillatory behavior.
As shown in Supplementary Fig. 1, the temporal evolution of the

magnetization components (nx, ny, nz) exhibits oscillationswith frequencies
that cannot be explained within a continuum approximation. More
importantly, Fig. 3d shows that increasing mesh density leads to a sup-
pression of BP motion. Below a certain discretization threshold, the BP
becomes fully pinned and stops moving. This implies that an unphysical
numerical parameter—the mesh density—determines the behavior of the
system. Equivalently, we can say that in the standardmicromagneticmodel,
there exists amesh density-dependent criticalfield belowwhichBPdoes not
move. Thereby, we conclude that such a pinningfield is a numerical artifact,
arising from the divergence of the effective field at the BP core in the
standard micromagnetic model.

Although the results in Fig. 3d correspond to a specific parameter set,
the observed BP pinning effect–whether due to increasing mesh resolution
or decreasing external field–is a general artifact inherent to the standard
micromagnetic model.

In contrast, the regularized S3-model is free from this issue [Fig. 3e].
Like the chiral bobber and dipolar string, the BP in this model exhibits
smooth motion, with velocity continuously tending to zero as Bext → 0.
Moreover, the BP dynamics in the regularized model do not induce any
artificial magnetization oscillations (see Supplementary Fig. 1).

Discussions
On the κ-parameter
Micromagnetic theory operates on several characteristic length scales that
depend on the material type and the dominant interactions. In uniaxial
ferromagnets, this length is typically defined by the domain wall width4,

Lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2A=ð2Kþ μ0M2Þ

q
. In isotropic chiral magnets, the characteristic

length corresponds to the equilibrium period of the spin spiral17,
LD ¼ 4πA=D, where D denotes the DMI constant. In the case of textures
such as chiral kinks127, a shorter characteristic length appears,Lck ~ 0.1LD. In
exchange-frustrated systems, the characteristic scale is determined by the
ratio of competing exchange terms20.

In the regularized micromagnetic model, the size of the magnetic
texture surrounding a point singularity (the “size” of the Bloch point)
defines an additional characteristic length, Lκ ¼

ffiffiffiffiffiffiffiffiffiA=κ
p

. To ensure the
accuracy of numerical simulations, the discretization grid must be much
smaller than the shortest relevant characteristic length. In the examples
presented in the main text, κ was chosen such that Lκ is comparable to
either Lc or LD. In general, however, κ is determined by the properties of
the specific material (lattice symmetry, sort of atoms, electron
density of states, etc.) and does not necessarily correlate with the other
characteristic lengths.
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Fig. 3 | Bloch point dynamics in a nanowire. aAmagnetic nanowire containing two
domains magnetized along + ez (white) and − ez (black), which are separated by a
domain wall containing a Bloch point (BP). In an external magnetic fieldBext∥ez, the
BP moves along the wire axis. Simulations were performed for two domain-wall
configurations, shown in (b) and (c). Both configurations exhibit identical BP
dynamics. d and (e) show the BP velocity as a function of the external magnetic field
strength, computed using the standard and regularized LLG equations, respectively.

Simulations were carried out at different discretization levels: × 1 corresponds to a
16 × 16 × 512 mesh, while × 2 and × 4 indicate uniform scaling of each spatial
dimension by factors of 2 and 4, respectively. Domain size and material parameters
are provided in the Methods section on “Micromagnetic simulations of BP in a
nanowire''. Numerical source data for the graph are provided in Supplemen-
tary Data 2.
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Anisotropic systems
In the most general case, the exchange stiffness A is a second-rank sym-
metric tensor, which reduces to a scalar only in isotropic systems. In ani-
sotropic systems, such as certain hexagonal crystals128, multilayered
structures42,72,84, or van der Waals magnets129, the exchange energy term
should be written in a more general form:

eexiðνÞ ¼
X
j¼x;y;z

Aj

X4
i¼1

ð∂jνiÞ2 þ κν24:

In this case, the Blochpointmay lose its spherical symmetry. As a result, the
characteristic size of the magnetic point singularity becomes direction-
dependent.

To determine the appropriate value of the regularization parameter κ
for a given material, one must rely on experimental data or microscopic
calculations based on more fundamental models, such as the quantum
Heisenbergmodel or density functional theory130.While thedesignproposal
of an experiment reaches beyond the scope of this study, we want to note
that neutron scattering cross sections are sensitive to the norm of the
magnetization95, which could prove useful to estimate κ.

Classical spin lattice models
Magnetism is inherently of quantum mechanical origin, and quantum
models offer the most fundamental framework for describing magnetic
materials.However, the complexity of thesemodels limits their applicability.
In practice, we often have to rely on models with a significantly reduced
number (order of thousands) of quantum particles or with magnetic spins
approximated by classical vectors.

One suchmodel is the quantumHeisenberg model, which treats spins
as quantum objects but uses a simplifiedHamiltonian.While this approach
provides valuable insights131,132, it is computationally limited to systems of
about a few thousand spins. In contrast, real magnetic systems typically
contain billions of spins.

The next level of simplification is classical spin latticemodels. They can
reproducemany experimental results and extend applicability to systems on
the order of tens of nanometers. The applicability of classical atomistic spin
models, where the magnetic moment has a fixed length, is justified only in
certain limiting cases133, and is generally regarded as a useful limiting
approximation.

To reach micrometer scales, one usually employs the micromagnetic
theory, which describes the classical spin lattice model in the continuum
limit.Although its predictive power,micromagnetics inherits the limitations
of classical spin lattice models and imposes an additional constraint of
magnetic texture continuity.Most importantly, both approaches neglect the
intrinsic quantum nature of spin.

An original multiscale approach aimed at describing Bloch-point
dynamics was introduced by Hertel and Andreas134,135. Their method
combines standardmicromagnetic and atomistic spin-latticemodels within
a single computational framework.However, due to its inherent complexity,
this approach has been less thoroughly examinedwith respect to agreement
with experimental observations. By inherent complexity, we refer to the
requirement that the three regions, each governed by its own Hamiltonian,
must be translated coherently together with the BP position. Implementing
such a framework may introduce additional artifacts at the interfaces
between these regions. Most importantly, this type of multiscale approach
does not overcome the fundamental limitations of micromagnetic theory
discussed above.

The regularized micromagnetic model introduced here is not derived
from the classical fixed-length spin lattice model and therefore avoids its
inherent limitations. Instead, it accounts for the possibility ofmagnetization
length reduction inherently present in more general quantum spin
Hamiltonians. Accordingly, it is more appropriate to compare our model
with such quantum atomistic models rather than classical spin models.
Thereby, for the magnetic textures with singularities, our model is not

expected to converge to classical atomistic spin dynamics. However, for
smooth magnetic textures such as vortices, skyrmions, and hopfions, the
regularized model agrees well with both classical micromagnetics and
classical atomistic simulations.

Topological aspects of the problem
In the absence of singularities, where the extended order parameter ν
effectively reduces to the normalized magnetization vector n 2 S2, our
model coincides with classical micromagnetic theory. In this regime, con-
tinuous spin textures can be classified using topological invariants such as
the skyrmion and hopfion indices, associated with the homotopy groups
π2ðS2Þ ¼ Z and π3ðS2Þ ¼ Z, respectively. However, in the most general
case where ν 2 S3, the second homotopy group become trivial π2ðS3Þ ¼ 0.
The third homotopy group is non-trivial, π3ðS3Þ ¼ Z, but the associated
topological invariant differs fromtheHopf index andcorresponds instead to
thedegree of amapS3 ! S3, as originally introduced in Skyrme’s theoryof
baryons136. Thereby, the topological classification of magnetic textures via
skyrmion and hopfion topological charges is inapplicable in this case.

Temperature in micromagnetism
According to the definition given by Landau, micromagnetism is an
athermal theory4. It means that temperature enters the model Hamiltonian
only implicitly — through the temperature dependence of material para-
meters such as saturationmagnetizationM, anisotropy tensor bK , exchange
stiffness A, and DMI constant D. This reflects a key point: as long as the
system exhibits a magnetic order, regardless of the particular temperature,
the Hamiltonian (1) remains valid for describing its physical behavior. On
the other hand, as the temperature approaches theCurie pointTc, themodel
may fail to capture effects driven by entropy and thermal fluctuations.
However, as long as T≪ Tc, the entropy contribution to the free energy is
assumed to be minimal. For most practical problems addressed by micro-
magnetics, it is sufficient to assume that the material parameters in (1) are
functions of temperature.

At elevated temperatures near the Curie point (T≃Tc), themagnitude
of the saturationmagnetization canbemodeledusing aLandau expansion55,
eL = an2 + bn4, which captures the characteristics of a second-order phase
transition137. In this regime, two well-established dynamical equations have
been proposed: the Landau-Lifshitz-Bloch (LLB) equation92, derived from
the Fokker-Planck formalism, and the phenomenological Landau-Lifshitz-
Baryakhtar (LLBar) equation91. Both frameworks serve as generalizations of
the LLG equation, incorporating additional terms that allow for temporal
variations in the magnitude of the magnetization. This leads to a natural
question: can these models be used to describe BP dynamics by treating the
temperature-dependent parameters as free constants, even without con-
sidering temperature effects? Below, we outline several reasons why this
approach is not suitable.

First, the Landau energy term does not inherently enforce the con-
straint ∣n∣≤1. As a result, the model permits unphysical increases in the
magnetization magnitude beyond saturation. Regardless of how rare such
deviations may be, the mere possibility of violating this fundamental con-
straint limits the applicability of the model to a narrow parameter range.

Second, while there were efforts to incorporate spin torques into the
LLB equation138, there is no established method for doing that for arbitrary
torques that ensures the constraint ∣n∣≤1, which is crucial for physically
consistent modeling. In contrast, the approach developed in this work
naturally accommodates such torques. We explicitly demonstrate this by
including the spin-transfer torque induced by spin-polarized electric
currents.

Third, the experimentally observed dynamics of Bloch point-hosting
spin textures (e.g., hard magnetic bubbles) are well described by the Thiele
equation.This equation canbederived fromthe regularizedLLGframework
proposed here, but not from the LLB or LLBar equations.

In conclusion, there is no clear advantage in employing the Landau
energy term and LLB or LLBar dynamics for modeling Bloch point beha-
vior. The S3-based formulation offers a more consistent and physically
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grounded framework, particularly for systems where the magnetization
length varies due to quantum effects rather than thermal fluctuations.
Unlike LLB and LLBar models, which allow unbounded magnetization
length–effectively treating n as a vector in R3–our approach enforces the
constraint ∣n∣≤1by constructionandnaturally incorporates external torques
without violating this constraint. Although establishing a formal connection
between ourmodel and LLB-type theoriesmay be possible, such amapping
would not be straightforward andmay not hold physicalmeaning especially
in the low-temperature regime.

Methods
Micromagnetic simulations of soliton dynamics
To stabilize the skyrmion tube, chiral bobber, and dipole string (Fig. 2a–c),
we consider the following Hamiltonian for chiral magnets:

E1 ¼
Z

½eexi þ edmi þ eani þ ez �dV; ð18Þ

with the following parameters:A ¼ 4 pJ/m,D ¼ 0:718 mJ/m2,M ¼ 384
kA/m3. These parameters correspond to a spin-spiral period of LD = 70 nm.
We further assume the κ ¼ 10�4D2=2A which corresponds to a
characteristic BP size of Lκ ≈ 7.9 nm. To stabilize skyrmion and chiral
bobber, we apply an external field of 0:7D2=ð2AMÞ, which corresponds to
the equilibrium period of spin-spiral Le = LD. To stabilize dipole string we
apply an external field of 0:55D2=ð2AMÞ and additionally add easy-plane
anisotropy of strength Ku;xx ¼ �0:25D2=2A (hard axis along x), that
results in Le≈ 1.016LD. The solitonmotionwas excited by electric current of
density j = jex of various strengths, where we fixed α = 0.05 and ξ = 0.25.
Numerical simulations were performed using the Mumax3 software for
which we implemented the regularized LLG equation (9) with Zhang-Li
torque (11)108.

Semi-analytical Thiele approach
To compare the results of micromagnetic simulations with the predictions
of the Thiele equation (15), we extracted information about skyrmion
velocities from the simulation data. The position of soliton center, rc, taking
into account PBC was calculated as follows106,139:

ri;c ¼
Li
2π

tan�1

R N jk sinð2πri=LiÞdriR N jk cosð2πri=LiÞdri
± liLi; ð19Þ

where the non-repeating indices are cartesian coordinate components,
{i, j, k} ∈ {x, y, z}, and N jk ¼

R ð1� nzÞdrjdrk, and where Lx, Ly and Lz
denote the size of simulation domain. The integers li represent the number
of times the soliton has crossed the domain boundary in the x, y, and z
directions, respectively. Both solutions of Thiele’s equation and numerical
simulations shown in Fig. 2 suggest a linear dependency between
the solitons’ velocity components and the current density, vi =− ciu, where
the dimensionless coefficient ci is given by the solution of the Thiele
equation. In Supplementary Table 1, we provide numerical values of this
coefficient.

Micromagnetic simulations of BPs in a nanowire
We considered an Fe nanowire of length 1.2 μm and of diameter 35 nm
which can be described by the Hamiltonian:

E2 ¼
Z

½eexi þ eddi þ ez�dV; ð20Þ

with A ¼ 21 pJ/m and M ¼ 1:7 MA/m. For the S3-model, we set
κ = 0.5 MJ/m3 that corresponds to a characteristic BP size of
Lκ ¼

ffiffiffiffiffiffiffiffiffiA=κ
p

¼ 42 nm.The initial configuration shown inFig. 2a is stabilized
at zero external field. To initiate domain wall motion, a magnetic field is
applied along the wire, Bext∥ez. In both the standard and regularized LLG
simulations,weuse the samedampingparameter,α=0.01.Thepositionof the

Bloch point, zp, is estimated as:

zp ¼
R
rz½n2x þ n2y �dVR ½n2x þ n2y �dV

; ð21Þ

that always provides us with a finite value as long as the domain wall is
present in the wire.

Data availability
Source data for micromagnetic simulations and scripts for post-processing
are available at https://doi.org/10.5281/zenodo.17474662.
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