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Minimal model for vortex nucleation and reversal in spherical magnetic nanoparticles
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Magnetic nanoparticles beyond the single-domain limit often develop vortexlike magnetization textures
arising from the competition between exchange and magnetostatic energies. While such states are routinely
studied using micromagnetic simulations, transparent analytical descriptions of vortex-mediated hysteresis
and nucleation remain scarce. Here, we develop a semianalytical minimal framework for vortex states in
spherical magnetic nanoparticles. Guided by micromagnetic simulations, we introduce a parametrized vortex
magnetization Ansatz based on hyperbolic functions that continuously interpolates between uniform and vortex
states. In this way, we achieve a complexity reduction leading to a minimal Hamiltonian, which enables the
efficient computation of magnetization curves and provides insight into vortex-mediated magnetization reversal.
As an application, we derive analytical estimates for the critical vortex nucleation radius and field, recovering
the functional form of Brown’s classic result and extending it within a variational framework.
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I. INTRODUCTION

Magnetic nanoparticles constitute a paradigmatic system
in which competing micromagnetic energy scales give rise
to nontrivial magnetization textures, as demonstrated experi-
mentally and theoretically across a wide range of length scales
(see, e.g., Refs. [1-15], and references therein). While suffi-
ciently small particles are well described by the single-domain
Stoner-Wohlfarth model [16], larger particles reduce their
magnetostatic energy by forming nonuniform configurations
such as curling or vortex states.

Vortexlike magnetization textures represent a particularly
important class of flux-closure states and have therefore at-
tracted sustained interest over several decades. For instance,
in Refs. [1-3], the spin structures of individual cubic iron
nanoparticles were studied by means of electron holography
and micromagnetic simulations; the transition from a quasiu-
niform (flowerlike) to a vortex state was found to be around
20-25 nm. The role of vortex formation and reversal in the
context of the magnetic hyperthermia properties of iron oxide
nanoflowers was studied in [14]. Lépez-Vazquez et al. [15]
theoretically investigated the role of nanoparticle shape on the
critical size for quasiuniform ordering using superball geome-
tries, which allow for the continuous interpolation between
spheres and cubes.

From a theoretical perspective, the description of vortex
states in magnetic nanoparticles has so far followed two
largely separate routes. On the one hand, classic analyti-
cal works by Brown [17] and Aharoni [18] provide elegant
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treatments of vortex nucleation based on fixed curling-type
magnetization fields. These approaches yield closed-form es-
timates for the critical vortex-nucleation radius and offer
valuable physical insight into the instability of the uniform
state. However, they are inherently static in nature, as the
assumed magnetization textures do not contain collective
degrees of freedom that would allow for a continuous descrip-
tion of magnetization reversal or the emergence of hysteresis.

On the other hand, a large body of micromagnetic simu-
lation studies using numerical frameworks such as OOMMF
[19] or MUMAX3 [20] have explored vortex nucleation, non-
centered vortex configurations, hysteresis loops, and dynamic
effects for specific material systems. Although these sim-
ulations capture the full complexity and nonlinearity of
the micromagnetic energy functional, their results are of-
ten strongly material- and discretization-dependent, and the
underlying energetic mechanisms governing vortex-mediated
reversal processes can be difficult to disentangle.

Despite the complementary nature of these two ap-
proaches, an intermediate-level theoretical description is
missing that bridges static analytical theory and full micro-
magnetic simulations. Such a framework should ideally (i)
retain a small number of physically meaningful collective
coordinates, (ii) lead to an effective micromagnetic Hamilto-
nian amenable to analytical treatment, and (iii) reproduce key
features observed in experiments and simulations, including
vortex-mediated hysteresis and analytical expressions for the
nucleation field and radius.

Here, we introduce such a reduced description—a minimal
model describing vortex nucleation and reversal in magnetic
nanoparticles. Motivated by micromagnetic simulations of
spherical nanoparticles [21], we construct a parametrized
vortex magnetization Ansatz based on hyperbolic profile
functions that captures the essential structure of the vortex
state. The Ansatz contains a single variational parameter that

©2026 American Physical Society


https://orcid.org/0000-0001-9269-8087
https://orcid.org/0000-0002-2786-295X
https://ror.org/036x5ad56
https://crossmark.crossref.org/dialog/?doi=10.1103/8rkf-j2kn&domain=pdf&date_stamp=2026-06-01
https://doi.org/10.1103/8rkf-j2kn

MICHAEL P. ADAMS AND ANDREAS MICHELS

PHYSICAL REVIEW B 113, 224406 (2026)

controls the vortex-core width and allows for a global rotation
of the magnetization texture, thereby enabling a continuous
interpolation between the uniform and vortex states.

By inserting this parametrized magnetization field into
the micromagnetic energy functional, we derive a reduced
effective Hamiltonian that depends on only two collective
coordinates. This reduced description provides a transparent
account of vortex energetics, enables efficient computation of
field-dependent magnetization curves, and allows for analyt-
ical estimates of the critical vortex-nucleation size and field.
At the same time, it permits a critical comparison with full
micromagnetic simulations and clarifies the physical origin
of hysteresis features. In this way, the present framework
establishes a direct and physically transparent link between
analytical theory and contemporary micromagnetic simula-
tions.

We refer to the Supplemental Material [22] for additional
micromagnetic calculations supporting the results of this work
(see also Refs. [23-26] therein).

II. MICROMAGNETIC MODEL

We consider a spherical magnetic nanoparticle of radius R
described within the framework of continuum micromagnet-
ics. The magnetization is represented by the unit vector field
m(r), and the magnetic energy comprises exchange, uniaxial
anisotropy, Zeeman, and magnetostatic contributions [21]:
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Here, A denotes the exchange-stiffness constant, K, > 0 is
the first-order uniaxial anisotropy constant, and M is the
saturation magnetization. The magnetization vector field is
given by M(r) = M,m(r), the (constant) externally applied
magnetic field is written as By = uoHy = Boe,, where Hy
denotes the magnetic field strength, V = {d/dx, d/dy, d/9z},
and all integrals extend over the volume V of the particle. The
demagnetizing field By = wo(Hg + M) is obtained from the
standard magnetostatic convolution with the demagnetization
kernel, where pg = 47 x 1077 Tm/A.

Throughout this work, both the uniaxial anisotropy axis
and the external magnetic field are chosen to be parallel to
the z axis of a Cartesian laboratory frame. This configuration
isolates the essential energetics of vortexlike magnetization
states while maintaining analytical transparency. In all nu-
merical simulations and analytical calculations, the following
material parameters for iron were used (for simplicity, we
assumed a uniaxial rather than a cubic anisotropy): K, =
4.8 x 10* J/m?, M, = 1700 kA/m, and A = 10 pJ/m. The
applied field By is varied within the range £1 T for hysteresis
simulations, while the particle radius R is varied between 8
and 20 nm to investigate the vortex-nucleation size.

III. HYPERBOLIC VORTEX ANSATZ

Numerical micromagnetic simulations of spherical iron
nanoparticles reveal that the remanent magnetization state

(Bp =0T) is characterized by a vortexlike texture with a
smooth out-of-plane core and an azimuthal in-plane magneti-
zation component [21]. As shown in Fig. 1, when expressed in
cylindrical coordinates, the radial magnetization component
m, vanishes on average, while the tangential component m
increases towards unity due to magnetic flux closure, and
the out-of-plane component m, exhibits a smooth decay from
the particle center towards the surface. Remarkably, these ra-
dial profiles collapse onto simple hyperbolic functional forms
[solid and dashed lines in Fig. 1(b)].

Motivated by the appearance of these hyperbolic profiles,
we consider an effective local vortex Ansatz that captures the
essential structure of the spin texture:

m'(p, ¢, z;v)
= {—tanh(vp/R) sin ¢, tanh(vp/R) cos ¢, sech(vp/R)},
2

which satisfies ||m’|| = 1 identically. The parameter v controls
the width of the vortex core and continuously interpolates
between the uniform state (v = 0) and a fully developed vor-
tex (v >> 1). From the small-p expansion m(’b(p) ~vp/R, a
characteristic vortex-core radius may be identified using the
condition vp/R =1 as

Reore ~ R/ v. 3

This quantity should be understood as a core-width scale
rather than as a sharp boundary, since tanh(vp/R) approaches
unity only asymptotically. The interpretation is most useful
for v > 1, where a localized vortex core is present, whereas
for v < 1 the magnetization state remains close to the homo-
geneous limit. Accordingly, v measures the ratio between the
particle radius and the characteristic vortex-core radius,

v~ R/Rcore- (4)

To introduce degrees of freedom that allow for magnetiza-
tion reversal, we express the global magnetization m as the
rotation of m’ by two angles w and t:

m(p, ¢, z;w, 7;v) = R(w, ) -m'(p, ¢, 2;1), 5)

where the rotation matrix R(w, 7) = R (@) - Ry(7) is defined
as the product of a rotation about the z axis and a rotation
about the y axis [22]. The angle t describes the inclination
of the vortex axis with respect to the field direction and w
specifies a rotation in the x-y plane.

The presented hyperbolic vortex Ansatz provides a com-
pact and physically motivated parametrization of the remanent
(low-field) magnetization texture in terms of a small set of
collective variables (w, 7, v). We note that the present Ansatz
neglects additional spatial structure beyond the leading ra-
dially symmetric vortex profile. In particular, possible axial
modulations of the vortex-core width, which may become rel-
evant in less symmetric or more strongly faceted geometries
[15], are not resolved here. Such effects could in principle
be incorporated by replacing the simple radial hyperbolic-
function argument vp/R by a more general scalar profile
function ¥ (p, z); for instance, through an expansion of the
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FIG. 1. Micromagnetic simulation results (using MUMAX3) for the remanent state of a spherical iron nanoparticle with a diameter of D =
2R = 40 nm. The particle volume is discretized into cubical cells with a side length of 2 nm. (a) Visualization of a stable vortex configuration;
color encodes the x component of the magnetization. (b) Radial magnetization profiles obtained from several particles, shown in cylindrical
coordinates {m,, my, m;}. The in-plane azimuthal component m, (solid line) is well described by a tanh profile, whereas the out-of-plane
component m, (dashed line) follows a hyperbolic sech profile. Here, the vortex-profile parameter is v = 4.443.

form

2
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but this lies beyond the scope of the present minimal model.

In the following, Ansatz (5) is used to derive a reduced
effective Hamiltonian by explicit insertion into the micromag-
netic energy functional (1).

IV. REDUCED EFFECTIVE HAMILTONIAN

Inserting the hyperbolic vortex Ansatz defined by Egs. (2)
and (5) into the micromagnetic energy functional (1) yields
a reduced effective description in terms of a small set of
collective variables, with the individual energy contributions
expressed through dimensionless profile functions g;(v). The
resulting reduced Hamiltonian H’ reads (see Supplemental
Material [22] for details)

2
u

g w)sin® o + g vy cos’ 7]

M.R*B woM?2R?
_ STOg;(v)cosr — Ongd(v). (7

The exchange (gex), anisotropy (g}, and g5), and Zeeman (g,)
contributions reduce to two-dimensional integrals over the
unit sphere, while the evaluation of the magnetodipolar term
(g4), requiring the solution of a sixfold integral, is accom-
plished via a numerical grid scheme. Note that the anisotropy
contribution to H’ consists of a term g sin”t that prefers
the in-plane orientation and a term g cos® t that favors the
collective out-of-plane orientation of the magnetization. We
refer to the Supplemental Material [22] for the explicit integral
representations of the functions g(v) and their approximations
by analytical expressions.

We note that the reduced Hamiltonian ' is independent of
the azimuthal angle w. This invariance directly follows from
the rotational symmetry of the underlying micromagnetic

H’(Us T, BO) = gex(v) -

Hamiltonian H [Eq. (1)] for a uniaxial anisotropy aligned with
the applied magnetic field. If the anisotropy axis is tilted with
respect to the external field, this symmetry is broken and an
explicit @ dependence of H' would generally remain.

V. EVALUATION OF THE REDUCED HAMILTONIAN H’

In the following, we discuss the evaluation of the Hamilto-
nian H’'(v, 7, By) by direct comparison with micromagnetic
simulations performed with MUMAX3, based on the origi-
nal Hamiltonian H(m) [Eq. (1)]. For the minimization of
H'(v, T, By), the profile functions g;(v) were first numeri-
cally evaluated by direct integration for the parameter range
v € [0, 10] [22]. To speed up the energy minimization, the
resulting data were stored as lookup tables and reused in a
field-following procedure for a magnetic field cycle starting
from By = 1 T and for a total number of 1000 field steps.

Figure 2(a) compares the magnetization curves obtained
from the reduced Hamiltonian ' with the corresponding
micromagnetic simulation result, and Figs. 2(b) and 2(c) show
the dependence of the angle T and of the vortex-core param-
eter v on the applied magnetic field By. Here, the average
magnetization (m,) is defined by the following integral, which
is expressible as a function of v and t:

(m;) = L / m,(r)d’r = g (v)cos . (8)
Vv

Starting on the upper branch in Fig. 2(a), at Bo = 1 T, both
approaches are in the saturated regime ({m,) =1) down
to approximately By = 0.5 T. Below By =0.5T a devia-
tion between the two approaches is observed: the effective
Hamiltonian H’ produces a continuous transition with an ap-
proximately linear decay of (m.), whereas the MUMAX3 result
exhibits a jump at By = 0.36 T. Following this transition, the
two magnetization curves approach each other again and re-
main close until By >~ 0.12 T. In the interval —0.12 T < By <
0.12 T, the behavior differs qualitatively. While the MUMAX3
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FIG. 2. (a) Comparison between the semianalytical modeling approach (solid blue curves) and the micromagnetic simulation results
obtained with MUMAX3 (solid orange curves) for a spherical magnetic nanoparticle in the vortex state. The magnetization response is computed
from the effective Hamiltonian ' [Eq. (7)] by minimizing the total energy with respect to the vortex profile parameter v and the inclination
angle 7 at each applied field value By. The right-hand panels show the corresponding field-dependent evolution of 7 (b) and v (c). The MUMAX3
simulation was carried out for a spherical particle of diameter D = 40 nm, using a cubic discretization with a cell side length of 2 nm.

simulation exhibits hysteretic behavior with finite remanent
magnetization and a coercive field, the reduced Hamiltonian
‘H’ follows a smooth and reversible path with vanishing net
magnetization at By = 0. Similarly, the field dependencies of
T and v [Figs. 2(b) and 2(c)] also reveal a smooth transition
for H'. For smaller applied fields below —0.12 T, the magne-
tization behavior is symmetric to the upper branch.

Inspection of the reduced Hamiltonian H’ [Eq. (7)] shows
that, in the parameter regime considered here, the nonhys-
teretic reversal path is driven by the anisotropy contribution
proportional to sin® T, which is the only term in ' that ener-
getically favors an in-plane magnetization orientation. Within
the present two-parameter reduction, this term stabilizes a
smooth rotational reversal path and thereby prevents the emer-
gence of the metastable vortex branches needed to reproduce
the hysteretic behavior observed in the micromagnetic simu-
lation for this particle size. This motivates the introduction of
the minimal Hamiltonian "

VI. INTRODUCTION OF THE MINIMAL
HAMILTONIAN H"”

The shortcoming of #H' revealed by the above comparison

motivates the introduction of the Hamiltonian H":

" KUR2 2
H (v, T, By) = 8ex(V) — gﬁ(\})COS T

A
M R*By noM?2R?
e g,(v)cost &),
C))
where the anisotropy contribution proportional to sin® 7 is

omitted, as it enforces a nonhysteretic reversal path in the
reduced energy landscape. Figure 3(a) compares the magne-
tization curves obtained from the Hamiltonian H” with the
corresponding MUMAX3 simulation result. We find that #H”
and H' (cf. Fig. 2) yield equivalent collective magnetization
behavior for applied fields |By| > 0.12 T. In contrast to H/,

‘H" exhibits, however, a hysteresis loop for |By| < 0.12 T,
in quantitative agreement with the micromagnetic simulation.
Furthermore, in contrast to Figs. 2(b) and 2(c), the field
dependence of T and v in Figs. 3(b) and 3(c) becomes hys-
teretic. This indicates that the magnetization reversal proceeds
via competing metastable vortex configurations, rather than
along a single smooth rotational path in the reduced phase
space. The effective Hamiltonian " retains the relevant vor-
tex degrees of freedom while allowing for metastable vortex
configurations and hysteretic magnetization reversal.

Finally, we note that the remaining discrepancy between
the reduced models H' and " and the MUMAX3 simulation
in Figs. 2(a) and 3(a) is highly sensitive to the discretization
cell size employed in the micromagnetic calculation (2 x 2 x
2 nm’ in Figs. 2 and 3) [22]. This sensitivity indicates that the
observed differences are influenced by systematic discretiza-
tion effects inherent to the finite-difference micromagnetic
model (compare also to Ref. [27]). As a consequence, it
cannot be unambiguously decided from this comparison alone
whether the reduced continuum descriptions H' and H” or the
discretized simulation more closely represent the continuum-
limit behavior. More generally, this comparison highlights
that, in addition to the choice of Hamiltonian, the numerical
discretization is itself an important part of the micromagnetic
modeling procedure and may significantly affect the resulting
reversal behavior.

VII. STABILITY PROPERTIES AND CLASSICAL
LIMITS OF H"”

Here, we demonstrate that the reduced vortex Hamiltonian
‘H" (v, T, By) provides a unified variational description of both
vortex nucleation and coherent single-domain reversal. All
results discussed below follow from the stability properties
of H” [Eq. (9)] and require no additional assumptions.

The onset of vortex formation is governed by the loss
of stability of the homogeneous state with respect to
infinitesimal vortex distortions (v — 0, t = 0). Evaluating
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FIG. 3. Same as Fig. 2, but with the minimal-model Hamiltonian H" defined by Eq. (9).

the corresponding stability condition, 3>H"/9v> =0 [22],
yields the critical vortex-nucleation radius (By = 0 T):

—1/2
~ ﬂgéex[l ] , (10

RHHC -
25

where fox = \/ZA/(/,L()ME) denotes the magnetostatic ex-
change length. Equation (10) reproduces the functional form
of Brown’s classic vortex-nucleation criterion [18,28], with
small quantitative differences arising from the variational
Ansatz employed here. The same stability condition can
equivalently be expressed in terms of the applied magnetic
field, yielding the corresponding vortex-nucleation field (R >
Rnuc):

3528 K,
625 M2

625 2K, _ 104
1764 T M, T MR

Equations (10) and (11) therefore represent two equivalent
parametrizations of the same spinodal stability limit of the
homogeneous state.

For particle radii R below Ry, the vortex degree of free-
dom is suppressed (v = 0), and the Hamiltonian H" reduces
identically to the uniaxial macrospin model. In this limit,
the Stoner-Wohlfarth switching field, Bsw = 2K, /M, is re-
covered without further assumptions [22]. We note that the
variational parameter v may be interpreted as controlling the
inverse vortex-core width, since v ~ R/R.qr. Thus, the insta-
bility at R = Ry, marks the onset of vortex formation with
finite core width, while the exchange contribution continues to
penalize arbitrarily small R o (equivalently, arbitrarily large
v). Figure 4(a) illustrates the resulting crossover between
coherent rotation and vortex-mediated magnetization reversal
and highlights the continuous nature of the transition within
a single variational framework. The analytical prediction for
Buue [Eq. (11)] exhibits a constant offset relative to the nucle-
ation fields that are numerically obtained using #" [Fig. 4(b)],
which is expected as Eq. (11) follows from a local instability
analysis.

We emphasize that the same stability condition for vor-
tex nucleation is obtained from both H' and #H”, namely,

By = pmoHpue = (1D

) o=
0.5} 1
\Ei 001 1
— R =20 nm
—0.5 R=15nm |
— R =10 nm
_1’0_, ‘ l _R.:81’1H1 ,
-1.0 —-0.5 0.0 0.5 1.0
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0.0 e
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FIG. 4. Magnetization reversal and vortex nucleation obtained
from the minimal vortex Hamiltonian H"” [Eq. (9)]. (a) Field-
dependent average magnetization (m,) for different particle radii R
(see inset). For R < Ry, = 9.2 nm [Eq. (10)], the system exhibits
single-domain Stoner-Wohlfarth hysteresis (rectangular loop for R =
8 nm) with abrupt switching at Bsy = 2K, /M, = 0.056 T. For R >
Ry, vortex formation enables a smooth, nonuniform magnetization
reversal. (b) Vortex-nucleation field By, vs particle radius R. The
analytical expression (11) (dashed line) corresponds to the linear
stability (spinodal) limit, while the hysteresis data reflect the loss of
metastability along the reversal path.
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0%H'/9v? = 3?H"/3v? for v =0, T = 0. The reason is that
the additional anisotropy-related term present in ' is propor-
tional to sin® t, which vanishes at T = 0 and therefore does
not contribute to the corresponding instability criterion.

VIII. CONCLUSION

We have developed a reduced semianalytical description
of vortex states in spherical magnetic nanoparticles based on
a hyperbolic magnetization Ansatz. The resulting effective
Hamiltonian captures the essential energetics of vortex for-
mation and reversal while remaining analytically transparent
and computationally efficient. The framework bridges the gap
between large-scale micromagnetic simulations and analytical
theory, provides physical insight into hysteresis mechanisms
and vortex nucleation, and highlights the influence of numeri-
cal discretization on simulated magnetization curves. As such,
it offers a useful reference model for both theoretical studies
and the interpretation of experimental nanoparticle data in
nanomagnetism.

The continuously tunable hyperbolic vortex profile em-
ployed in this work does not emerge in an obvious way from
the micromagnetic Hamiltonian alone. Instead, it is revealed
empirically by treating micromagnetic simulations as numer-
ical experiments and subsequently identifying a functional
form that robustly captures the observed magnetization pro-
files. The resulting reduced description is therefore not a direct
analytical solution of the Hamiltonian but an effective min-
imal model constructed from simulation-informed physical
insight.

The present study may be viewed as a proof of concept
for simulation-informed complexity reduction in micromag-
netics. In its current form, the approach is restricted to

spherical nanoparticles with uniaxial anisotropy aligned par-
allel to the applied magnetic field. Natural extensions of the
framework include other particle shapes, such as ellipsoids
or cubes, and more general anisotropy configurations, includ-
ing cubic anisotropy relevant to ferrites such as magnetite
or maghemite commonly employed in biomedical applica-
tions. Allowing for arbitrary orientations of the anisotropy
axis with respect to the applied field may furthermore enable
the modeling of ensemble-averaged hysteresis loops relevant
to polycrystalline materials. At the same time, the spherical
geometry considered here provides the most symmetric and
analytically most transparent setting for the present Ansatz.
Extensions to lower-symmetry particle shapes or more gen-
eral anisotropy landscapes are conceptually natural, but are
expected to lead to more intricate reduced expressions and
may require geometry-adapted Ansatz functions, potentially
with different forms in different parameter regimes, in order
to capture distinct reversal modes. Beyond the average magne-
tization, the same framework may also be used to analytically
compute other experimental observables, such as the magnetic
small-angle neutron scattering cross section.
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Abstract
We provide additional analytical micromagnetic results to the above article. Moreover, a video
file is provided that features the magnetization reversal process as obtained from the numerical

micromagnetic simulations.

I. DERIVATION OF THE REDUCED HAMILTONIAN

We consider the following micromagnetic Hamiltonian for a spherical nanoparticle of

radius R:

’H:A/V‘Z (Vmi)2d3r—Ku/Vmg i (1)

1=T,Yy,2

1
— MSBO/ m, d°r — —Ms/ m - By d’r,
1% 2 v

where A denotes the exchange-stiffness constant, K, > 0 is the first-order uniaxial anisotropy
constant, and M; is the saturation magnetization. The magnetization vector field is given
by M(r) = M;m(r), the (constant) externally applied magnetic field is written as By =
uoHy = Bpe,, where Hy denotes the magnetic field strength, V = {9/0z,9/0y,0/0z}, and
all integrals extend over the volume V' of the particle. The demagnetizing field B4 = poHgq
is obtained from the standard magnetostatic convolution with the demagnetization kernel,

where g = 47 x 107" Tm/A.

To reduce model complexity and the degrees of freedom, we express the local unit mag-

netization vector field (||lm’|| = 1) as follows
m’'(p, ¢, z;v) = {— tanh(vp/R) sin ¢, tanh(vp/R) cos ¢, sech(vp/R)} . (2)

Equation (2)) is motivated from micromagnetic simulations using MUMAX3 [1], where v con-
trols the width of the vortex core (v = 0 for the uniform state and v > 1 for a fully developed
vortex). To allow for magnetization reversal, we further assume the global magnetization

vector field m as a rotation of m’ by two angles w, 7:

m(p, d,z;w,7;v) = R(w, 1) - m'(p, ¢, 2;v), (3)



with the rotation matrix

COSWCOST —SsInw CoswsinT
R(w,7) =R.(w) - Ry(7) = |sinwcosT cosw sinwsint]| - (4)
—sinT 0 COoST

Inserting the Ansatz [Eq. ] into the energy functional [Eq. ] yields compact expressions

for the individual energy contributions in terms of dimensionless profile integrals ¢;(v):

/ 3 ()’ _4”;)43 Gex(V). (5)

1=T,Y,2
4 K,
Mot = =, [ e = T (st 4 iy eotn) . ©
4 M,B
H,(v,7) = — M, By / m. dr —#gi(v) (7)
1%
1 47 R3 g M2
Hd(V) = —§Ms/ m - Bd d37' = —% gd(”)a (8)
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where the energy profile integrals are defined as follows:

.9 .12 .
Gex (Vv / / ?sin «9~|—821nh (1/5 sin 0) e do, (9)
sin 6 cosh”(v€ sin 0)
= 1/ / tanh®(v¢ sin 0) £2 sin 0 d€ db), (10)
3 071' 01
= 5/ / sech? (v sin @) €2 sin @ d€ d6, (11)
3 O7r 01
= 5/ / sech(v¢ sin 0) &2 sin 6 d€ df. (12)
0o Jo

A normalized spherical coordinate system (&, 6, ¢) is employed, with 0 < ¢ < 1, where the
relations to the previously used cylindrical coordinates (p, ¢, z) are given by p/R = £sinf
and tan @ = p/z. Due to the rotational symmetry of both the exchange and magnetodipolar
interactions, and the isotropy of the spherical geometry, these energy terms remain invariant
under the transformation defined by the rotation matrix . The integral expression for the
exchange profile function g, was obtained by explicitly expressing the Cartesian gradients
Vm,; in cylindrical coordinates using the chain rule and subsequently expressing the volume
integral in normalized spherical coordinates. The integration over the ¢ coordinate is trivial
due to rotational symmetry.

The dipolar energy contribution corresponds to a six-dimensional integral over the mag-

netization vector field, reflecting the long-range and nonlocal character of the dipole-dipole
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interaction. This integral is evaluated numerically by discretizing the unit sphere using a

regular Cartesian grid with spacing § and volume element AV (compare to Refs. [2H4]):

3 AV &

ga(v) = E% o~ m'(v&;, 0, @) - ba (&, 03, i), (13)

where the reduced discrete demagnetizing field is computed as

2410

ba(&,0:, ¢i) = Tm/(’/@ﬁi?@) (14)
AV S [L,E-&) o -§&) I (e 0. o
T Z {3 l& - &P &g ™00
J#i

More specifically, the discrete positions &; used in the evaluation are defined on a uniform

cubic grid as
i = (k76 — 1es + (K6 — L)ey + (k70 —1)e.,  [[&]l <1, (15)

where k7, kY, kZ € {0,..., K — 1} are integer indices along the Cartesian axes, 6 = 2/(K —1)
is the step size, and K denotes the number of grid points per spatial direction. The volume
element of the regular Cartesian grid is given by AV = §3. The results presented in the
following were obtained using K = 21 grid points per spatial direction, corresponding to a
total of A/ = 4169 grid points within the unit sphere.

Finally, the reduced total energy is expressed in terms of the profile functions g;(v) as:

/! KHR2 x : 2 z 2
H (v, 7) = gex (V) — I (gu(y) sin” 7 + g2 (v) cos 7') (16)
- MSR230 z( ) . /L()MSZRQ ( )
— gz (v)cosT — ga(v).

To enable a more efficient analytical treatment, we propose the following set of closed-form
heuristic approximations for the profile functions g;(v) defined by the integral expressions

Eqgs. @D—. These are valid for the range 0 < v < 10.

Gex (V) = 1.95 log(1 + 159 tanh®(v/11)), (17)
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1+ (v/1.551)% + (v/3.642)*’

1
1+ (v/1.5)%’
1
1+ (v/2.4)%

gi(v) = 1.32 (18)

I
—~
—
=]
~—

9.(v)

I
P
DO
(e)
SN~—

g, ()

(v/1.512)2

=~ (.332 + 0.162 .
9a(v) T /L12)




1.0 . I
,a” /”
/’, /””
/ P
08 i ,’ P
/
/
/ — Gex
% x
< |
£0.6 / gs
g z
g
—~ I u
\E/ / z
&04 l' gz
/ gd
]
]
0.2F 1
1
I
/
0.0

FIG. 1. Comparison between the numerically evaluated dimensionless profile functions g;(v) > 0
defined by the integral expressions [Egs. @D—] (solid colored lines) and their respective closed-
form heuristic approximations [Eqgs. (17)—(21)] (dashed black lines), normalized by their individual
maxima g;"**. The approximations reproduce the behavior of the original integrals with high fidelity
in the relevant domain v € [0, 10], while maintaining minimal analytical complexity and smooth
asymptotic behavior. Except for the exchange profile gey, all g;(v) appear with a negative sign in
the Hamiltonian H' [Eq. ], so that increasing g;(v) does not necessarily imply an increase in

energy.

These approximations are not derived from an analytical evaluation of the integrals, but are
constructed heuristically to minimize the number of fit parameters while ensuring a high
quantitative agreement in the physically relevant range. A comparison between the original
integrals and the approximations is shown in Fig. [T}

The physical interpretation of the profile functions is as follows: All profile functions
shown in Fig. [1| are positive-valued (g;(v) > 0), but, except for the exchange contribution,
they enter the Hamiltonian H' with a negative sign [compare Eq. ] Consequently, an
increasing g;(v) does not necessarily correspond to a larger energy contribution. This must
be kept in mind when interpreting the plots: for most terms, larger values of ¢;(v) actually
imply a stronger reduction of the corresponding energy during the transition from saturation

to remanence.



As v increases, the system transitions from a field-polarized state (uniform) to a vortex-
like configuration comparable to the one shown in Fig. 1(a) in the main text. During this
process, the exchange energy increases due to decreasing spin alignment, while the demagne-
tization energy decreases as a result of improved flux closure. The Zeeman energy increases
with stronger deviation from the external field direction. The out-of-plane anisotropy con-
tribution ¢7 increases the anisotropy energy, whereas the in-plane component g© leads to a
reduction. The sign of each contribution is consistent with the structure of the Hamiltonian.

It should be noted that the functional form chosen for the exchange profile g, (v) dif-
fers qualitatively from the other approximations, as it does not exhibit saturation within
the range considered. This reflects the physical nature of the exchange interaction, which
penalizes spatial gradients in the magnetization. As v increases, the vortex becomes more
localized and the spin alignment degrades, especially near the vortex core. This leads to a
continuous growth of the exchange energy, in contrast to the saturating behavior of the other
contributions. The logarithmic form used in Eq. captures this gradual but unbounded

increase, while preserving analytic tractability.

II. DERIVATION OF THE CRITICAL VORTEX-NUCLEATION SIZE

An instructive benchmark for the present modeling approach is the prediction of the
critical vortex-nucleation size R,.., which characterizes the competition between exchange
energy, anisotropy, and dipole-dipole interactions. Since the vortex-core parameter v = 0
corresponds to the transition point between a uniform magnetization state and a vortex-like
state, the stability of the homogeneous configuration is analyzed by evaluating the curvature

of the following reduced (minimal) Hamiltonian with respect to v.

K, R?
H' (v, 7) = gex (V) — AR gZ(v) cos® 1 (22)
. MSR2B0 Z(l/) . /L()MSQRz (I/)
— () cosT — ———ga(v).

Further, we select the inclination angle 7 = 0, which corresponds to the saturated regime
for a positive applied magnetic field By (see Fig. 3 in the main paper). The first derivative

vanishes:

a’H//
ov

=0, (23)



and the second derivative determines the local stability of the single-domain state:

PH gy MKW 2 BOMUR? 125 i MER?
B 5 A 5 A 882 A

(24)

v=0, 7=0

We note that the prefactors of the exchange, anisotropy, and Zeeman contributions are
exact results obtained from the integrals Eqgs. @—, whereas the prefactor of the dipole-
dipole contribution is taken from the effective quadratic coefficient of the corresponding
profile function [Eq. ], since the full magnetostatic energy integral cannot be evaluated
analytically.

The critical vortex-nucleation radius R, follows from the condition that this expression
vanishes. In the special case By = 0, the zero-field instability threshold takes on the form

(for Ky < 0.17TpoM?2):

Y

Rnuc =

4 -1/2
2\/5&{ 3528 Ku} | (25)

25 625 M2

K :|—1/2

> 3.76/0s |1 —5.64
[ MOMS2

where the exchange length /., is defined as

[ 2A
gex = ,LL()M2 . (26)

Note that le, = 3—10nm for many magnetic materials (see Table 3.1 in [5]). The analyti-

cally derived expression for the critical particle radius R, at which the homogeneous
magnetization becomes unstable toward a vortex-like distortion is formally equivalent in

structure to the classic result of Brown [6, [7]:

K,
RE];(:)WH = 4.53 Eex |:1 — 562M0M2:| . (27)

Note that Brown’s original notation uses the constants C' = 2A, v = g, and K; = K.
Although the numerical prefactors in Egs. and differ slightly, their functional
forms are identical. The remaining numerical discrepancy is within an acceptable range and
can be attributed to the differing assumptions underlying the respective models and Ansatz
functions.

Brown derived his approximation based on a static curling-type magnetization field (com-

pare to Eq. and Refs. [6], [7]),

2
m%rown(pv(ﬁa Z) = {_ V 1- mz sing, +4/1 — mg cos¢p, 1 — %} . (28)



While Brown’s calculation is based on a fixed curling-type magnetization field, the present
approach generalizes this idea by introducing a variational degree of freedom v, which con-
tinuously interpolates between the uniform state (¥ = 0) and a vortex-like configuration
(v > 1). For a direct comparison with Brown’s classic result, the expression in Eq. is
evaluated under the zero-field condition By = 0. At the same time, the generalized frame-
work developed here naturally accommodates arbitrary applied fields. As a consequence, the
stability condition (24)) can be solved explicitly for the applied field, yielding a corresponding
vortex-nucleation field

PR 9K, 10A
me = 70N T e T MLRE

(29)

Notably, the second term, 2K,/Mjs, coincides with the Stoner-Wohlfarth switching field,
highlighting that vortex nucleation occurs relative to the loss of stability of the uniform

macrospin state (see below).

III. STONER-WOHLFARTH LIMIT

The Stoner-Wohlfarth limit corresponds to the uniform magnetization configuration ob-
tained for v = 0, for which the hyperbolic vortex ansatz [Eq. (2)] reduces to m’ = e,. In

this limit, the vortex degree of freedom is suppressed and H” simplifies to

Ku 2 Ms 2B M2 2
1t cosQT—LCOST—O.BBQM.

H(V:O,T,Bo):— A A A

(30)

Here, the exchange contribution vanishes identically, while the demagnetization energy re-
duces to a constant offset. The remaining energy landscape is therefore governed by the
uniaxial anisotropy and the Zeeman interaction, both depending on the magnetization an-
gle 7. Up to an overall prefactor, this expression is identical to the well-known uniaxial
macrospin energy with the easy axis aligned along the external field. The switching field fol-
lows from the loss of local stability of the metastable states along the hysteresis loop. Since
the energy landscape is symmetric with respect to 7 = 0 and 7 = 7, the loss of local stability
occurs symmetrically at both orientations, 7 € {0, 7}. This instability is determined by the

condition
02 7‘[”

572 =0, (31)

7€{0,7}
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FIG. 2. Stoner-Wohlfarth switching field Bsw as a function of the anisotropy scaling factor n in
K, — nK,. () Bsw obtained from the minimal vortex Hamiltonian H" [Eq. (22)]. (Dashed line)

Bsw = 2nK,/Mjg. For the chosen materials parameters of iron, Ry, = 9.2nm and Bgvzvl = 0.056T.

which yields the Stoner-Wohlfarth switching field

2K,
BSW = ,U,ost =+ MS . (32)

Hence, in the single-domain limit, the present effective Hamiltonian reproduces the exact
Stoner-Wohlfarth result analytically (as it should be). Deviations from coherent rotation
for larger particle sizes arise solely from the activation of the vortex degree of freedom and
do not require any modification of the underlying theoretical framework. Figure [2| shows
that the Stoner-Wohlfarth switching field obtained from micromagnetic simulations using
H” perfectly agrees with the theoretical Bsw = 2nK,/M; (dashed line), where n denotes

the anisotropy scaling factor (K, — nkK,).

IV. EFFECT OF MESH SIZE IN MUMAX3 SIMULATIONS

It should be emphasized that micromagnetic simulations are themselves modeling ap-
proaches that should be interpreted with care. As shown in Fig. [3 both the remanence

and the upper-loop switching characteristics of the magnetization exhibit a clear depen-
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FIG. 3. Field-dependent magnetization curves obtained from MUMAX3 simulations for varying size

of the discretization cell (see inset).

dence on the size of the discretization mesh used. The observed discontinuities in the
hysteresis curve—particularly during field reduction from saturation—may originate from
mesh-induced symmetry breaking. In a true continuum description, such abrupt switching
events might instead appear as smoother transitions. Clarifying the origin and nature of
this behavior would require further investigation and would constitute a nontrivial problem

in its own right.

Data availability—Numerical data and codes (MuMax3 and python scripts) corresponding

to this study are available on Zenodo [§].
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