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Angular anisotropy landscape of vortex ensembles in polarized small-angle neutron scattering
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We present a symmetry-resolved classification of two-dimensional spin-flip small-angle neutron scattering
(SANS) patterns arising from dilute ensembles of spherical nanoparticles hosting magnetic vortex states. Based
on a linear vortex ansatz with an axially symmetric distribution of vortex axes and the corresponding analytical
expression for the orientationally averaged spin-flip SANS cross section, we show that the angular scattering pat-
terns organize into four distinct symmetry regimes: a fourfold anisotropy corresponding to coherent field-aligned
magnetization, vertical and horizontal twofold anisotropies associated with aligned and isotropically distributed
vortex ensembles, and an isotropic ringlike condition separating the two twofold regimes. The corresponding
symmetry boundaries are obtained analytically and define a compact symmetry landscape in the parameter space
of vortex amplitude and vortex-axis distribution width. Comparison with a nonlinear vortex profile shows that
these symmetry regions are robust with respect to the detailed radial structure of the vortex core. The angular
anisotropies are therefore governed primarily by rotational symmetry and by the statistical distribution of vortex
axes, providing a compact and model-transparent classification framework of experimental polarized SANS data.

DOI: 10.1103/1sl5-s875

I. INTRODUCTION

Magnetic small-angle neutron scattering (SANS) has be-
come a key technique for probing nanoscale spin textures
in bulk materials and nanoparticle assemblies (see, e.g.,
Refs. [1–9] and references therein). In polarized SANS
experiments, the two-dimensional spin-flip scattering cross
section encodes the angular anisotropy of the purely mag-
netic correlations in reciprocal space. Depending on magnetic
field and material composition, characteristic twofold and
fourfold intensity distributions have been observed experi-
mentally [10–12]. However, relating these angular symmetries
to the underlying real-space spin textures remains nontrivial,
particularly in systems with noncollinear magnetization and
collective dipolar interactions.

Vortexlike magnetization states constitute a prototypical
example of such textures (e.g., Refs. [13–18]). These are
predicted to emerge in confined ferromagnetic structures that
exceed the single-domain size limit as a result of the com-
petition between exchange, magnetostatic, and anisotropy
energies [19].

A linear vortex model was recently introduced to describe
the magnetic spin-flip SANS cross section of dipolar-
stabilized nanoparticle ensembles and was validated against
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micromagnetic simulations [20]. While this framework pro-
vides an analytical description of the scattering cross section,
its full angular solution space has not been investigated in a
symmetry-resolved manner. In particular, it remains unclear
how the interplay between vortex amplitude and vortex-axis
disorder governs the symmetry class of the observable scat-
tering pattern.

In the present work, we analyze the complete angular solu-
tion space of the linear vortex ensemble model. Starting from
the closed-form analytical expression of the orientationally
averaged spin-flip SANS cross section [20], we systemati-
cally explore the two-dimensional parameter space defined
by vortex amplitude and the angular width of the vortex-axis
distribution. We demonstrate that the possible scattering pat-
terns collapse into four distinct symmetry regimes: fourfold,
vertical twofold, horizontal twofold, and isotropic ringlike.

The resulting symmetry landscape is represented as a
classification map of angular anisotropies for magnetic
vortex-dominated spherical nanoparticle systems. By link-
ing experimentally observed scattering patterns to regions in
parameter space, our work establishes a compact and model-
transparent classification framework for polarized SANS data.
All results in this work refer to the scattering geometry where
the applied magnetic field H0 is perpendicular to the wave
vector k0 of the incoming neutron beam (H0 ⊥ k0) [20].

II. LINEAR VORTEX ENSEMBLE APPROACH

Dipolar-dominated nanoparticle assemblies naturally de-
velop vortexlike magnetization textures [see Fig. 1(a)] in
order to minimize the magnetostatic energy [19]. In the
absence of inversion-symmetry-breaking interactions (e.g.,
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FIG. 1. (a) Vortex configuration inside a spherical particle. The
color scale encodes the longitudinal magnetization component m′

z.
(b) Representation of the vortex-axis ensemble on the unit sphere.
The red double cone defines the angular cutoff angle αc with respect
to the ez axis of the global laboratory frame. The blue spherical caps
correspond to the allowed statistical distribution of vortex axes. CW
and CCW vortices populate the upper and lower caps with equal
probability, reflecting the absence of chirality selection.

the Dzyaloshinskii-Moriya interaction), no energetic chiral-
ity selection is expected. Consequently, clockwise (CW) and
counterclockwise (CCW) vortices occur with equal probabil-
ity [Fig. 1(b)].

The lowest-order continuum description of such a vortex
state is provided by the following linear vortex ansatz. In the
local particle coordinate frame (x′, y′, z′), we write

m′(r′) = [m0 e′
z + p m1 ρ ′ e′

ϕ] �(1 − r′/R), (1)

where m0 denotes the amplitude of the uniform axial com-
ponent, m1 controls the amplitude of the curling in-plane
component, e′

z = {0, 0, 1} and e′
ϕ = {− sin ϕ′, cos ϕ′, 0} are

the cylindrical unit vectors, ρ ′ =
√

(x′)2 + (y′)2 and ϕ′ =
arctan(y′/x′) are the cylindrical coordinates, � is the Heav-
iside step function, r′ =

√
(ρ ′)2 + (z′)2 is the spherical radial

coordinate, R is the particle radius, and p ∈ {−1, 1} specifies
the chirality. A chirality of p = 1 corresponds to CCW and
p = −1 to CW curling. Despite its simplicity, this ansatz
captures the dominant real-space and reciprocal-space signa-
tures of vortex states (see Ref. [20] for details).

In realistic nanoparticle ensembles, however, not only the
chirality but also the vortex-axis orientation varies through-
out the ensemble. The magnetization field in the laboratory
frame, m(r), is therefore obtained by rotating the local vortex
configuration m′(r′), according to

m(r) = R(α, β ) · m′(RT (α, β ) r), (2)

where R(α, β ) denotes the rotation matrix that aligns the local
vortex axis with the unit vector

u(α, β ) = ∇ × m
|∇ × m|

= p sin α cos β ex + p sin α sin β ey + p cos α ez.

(3)

This construction defines not a single vortex, but an ensemble
of vortices characterized by a statistical distribution of axis
orientations on the unit sphere.

We model the orientational distribution of vortex axes by
an axially symmetric cone with cutoff angle αc,

ψ (α, β ) = �(αc − α)

2π (1 − cos αc)
, (4)

where
∫ 2π

0

∫ αc

0 ψ (α, β ) sin αdαdβ = 1. The cutoff angle αc

parametrizes the degree of vortex-axis alignment, which ex-
perimentally can be achieved by tuning the applied magnetic
field strength.

To connect the mesoscale vortex ensemble to experimen-
tally accessible observables, we employ the multinanoparticle
power-series expansion method [20,21]. In the dilute limit (no
interparticle interference scattering), the ensemble-averaged
spin-flip SANS cross section reads〈

d	sf

d


〉
= 1

2

∫ [
d	CCW

sf

d

+ d	CW

sf

d


]
ψ (α, β ) dϒ, (5)

where dϒ = sin αdαdβ. Carrying out the orientational aver-
aging yields the analytical two-dimensional spin-flip SANS
cross section

〈
d	sf

d


〉
(q, θ ) ∝ 1

4 [m0 f (qR)]2[12 − (cos2 αc + cos αc)(3 cos2(2θ ) + 2 cos(2θ ) + 3) + 4 cos(2θ )]

+ [m1R f ′(qR)]2[3 − (2 cos2 αc + 2 cos αc − 1) cos(2θ )], (6)

with f (u) = (sin u − u cos u)/u3 and f ′(u) = df (u)/du. Equation (6) forms the basis of the symmetry landscape analysis
presented below.

III. LANDSCAPE OF ANGULAR ANISOTROPY PATTERNS

Figure 2 presents the classification map of the two-
dimensional spin-flip SANS patterns obtained from Eq. (6)
as a function of the vortex amplitude m1, the axial amplitude
m0, and the cone angle αc. Introducing the dimensionless ratio

μ = m1R

m0

reduces the parameter space to the two variables (μ, αc). For
each parameter pair, the calculated spin-flip cross section was
normalized to its maximum intensity in order to emphasize
the angular symmetry, independent of the absolute scattering
intensity. Different absolute values of m0 and m1 change the
absolute scattering intensity, whereas the normalized angular
patterns shown in Fig. 2 are governed by their dimensionless
ratio μ = m1R/m0.

The patterns in Fig. 2 are grouped into four angu-
lar anisotropy classes: fourfold, vertical twofold, horizontal
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FIG. 2. Symmetry-resolved map of the (normalized) two-dimensional spin-flip SANS cross section for a linear vortex ensemble. Each
panel shows the analytically calculated spin-flip scattering pattern [up to (qR)max = 5.0] obtained from Eq. (6) for a given combination of
the vortex amplitude parameter m1R/m0 (vertical axis) and the cone angle αc (horizontal axis), which describes the statistical distribution of
vortex axes within a rotational cone. The model represents an ensemble of linearly varying vortex structures whose axes are distributed within
a cone of opening angle αc, rather than a single vortex configuration. The background colors indicate the dominant angular anisotropy of the
scattering pattern: fourfold symmetry ∝ 1 − cos(4θ ) (light blue), vertical twofold symmetry ∝ 1 − cos(2θ ) (dark blue), horizontal twofold
symmetry ∝ 3 + cos(2θ ) (orange), isotropic ringlike scattering ∝ 1 (green), and intermediate transition regions. The map provides a controlled
visual classification tool for experimental two-dimensional spin-flip SANS data, linking observed angular anisotropies to specific regions in
the parameter space of vortex amplitude and axis distribution.

twofold, and ringlike. The classification is based on the radi-
ally integrated angular dependence

I (θ ) =
∫ qmax

qmin

〈
d	sf

d


〉
(q, θ ) dq, (7)

which for Eq. (6) leads to the functional form

I (θ ; μ, αc) = A(μ, αc) + B(μ, αc) cos(2θ )

+ C(μ, αc) cos(4θ ), (8)

where A, B,C are functions of both μ and αc. The angular
structure is therefore fully determined by the relative weight
of the cos(2θ ) and cos(4θ ) contributions. For each (μ, αc),
I (θ ) is classified by least-squares comparison with the four
analytically derived limiting forms of the model discussed
below, corresponding to the fourfold, vertical twofold, hori-
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zontal twofold, and ringlike reference cases. The class was
assigned according to the smallest root-mean-square devia-
tion. This discrete assignment is adopted intentionally in order
to provide a compact symmetry-based classification of the
radially integrated patterns.

(1) Saturated reference case—fourfold (μ = 0, αc = 0).
The fully saturated ensemble under an infinitely strong
applied magnetic field is characterized by a uniform mag-
netization in each particle (μ = 0) and a perfectly aligned
orientational distribution of the particle anisotropy axes (αc =
0). In this limit, the vortex contribution vanishes, and the an-
gular anisotropy of the spin-flip SANS cross section reduces
to

I (θ ) ∼ 1 − cos(4θ ),

corresponding to a pure fourfold symmetry. This reference
case forms the lower left corner (light blue) of Fig. 2.

(2) Strong vortex limit with aligned axes—vertical twofold
(μ → ∞, αc = 0). In the limit of vanishing axial contribution
(m0 → 0), the spin-flip cross section is governed by the planar
vortex term. For a perfectly aligned orientational distribution
of vortex axes (αc = 0), the angular dependence reduces to

I (θ ) ∼ 1 − cos(2θ ),

corresponding to a vertical twofold symmetry. This regime
occupies the upper left corner (dark blue) of Fig. 2.

A micromagnetic reference system illustrating this regime
is discussed in Ref. [20]. For moderate values of μ and fi-
nite cone angles (αc > 0), for example, in a remanent state,
the spin-flip scattering pattern exhibits a dominant vertical
twofold symmetry with minor higher-order angular contribu-
tions.

(3) Strong vortex limit with isotropic axes—horizontal
twofold (μ → ∞, αc = 90◦). For an isotropic vortex-axis dis-
tribution, we find

I (θ ) ∼ 3 + cos(2θ ),

producing a horizontal twofold anisotropy. This regime occu-
pies the upper right part of the map in Fig. 2 (orange).

A formally identical angular dependence was reported in
dipolar-coupled nanoparticle clusters in Ref. [10]. In that
work, the angular anisotropy of the spin-flip SANS cross sec-
tion at a small applied field of 2 mT followed a 1 + cos4 θ +
sin2 θ cos2 θ = 1

2 (3 + cos(2θ )) anisotropy, which was inter-
preted in terms of antiferromagneticlike correlations between
particle moments.

Within the present work, such an angular dependence nat-
urally emerges from a vortex-dominated magnetization state
with isotropically distributed vortex axes. While the micro-
scopic interpretation was previously formulated in terms of
dipolar correlations, the analytical structure derived here may
provide an explicit magnetization-field realization reproduc-
ing the same spin-flip anisotropy.

(4) Strong vortex limit with ring condition—ringlike (μ →
∞, 0◦ � αc � 90◦). Between the twofold regimes, the coeffi-
cient of cos(2θ ) vanishes when

2 cos2 αc + 2 cos αc − 1 = 0, (9)

with the physical solution αc ≈ 68.53◦. Along this line, the
angular dependence becomes isotropic,

I (θ ) ∼ 1,

leading to a ringlike scattering pattern (Fig. 2, green). This
condition marks the analytical boundary between the two
twofold symmetry classes. Related ringlike magnetic SANS
patterns have been discussed for single-vortex states in
thin submicron-sized soft ferromagnetic cylinders [22]. In
contrast, the present result arises from the orientationally av-
eraged spin-flip SANS response of a dilute vortex ensemble
of spherical nanoparticles.

Figure 2 organizes the angular solution space of Eq. (6)
around these four analytically defined reference cases. Verti-
cal movement increases the relative vortex amplitude, whereas
horizontal movement modifies the statistical distribution of
vortex axes. Intermediate regions correspond to continuous
interpolation between the limiting symmetries. The resulting
landscape establishes a controlled link between experimen-
tally observed two-dimensional spin-flip SANS anisotropies
and specific regions in the reduced parameter space (μ, αc).
For a quantitative application to experimental data, the pa-
rameters μ and αc may be obtained by fitting the measured
two-dimensional spin-flip SANS pattern with Eq. (6), after
accounting for the experimental background, resolution, and
normalization.

To verify that the symmetry landscape derived above is
not an artifact of the assumed linear vortex ansatz, we have
repeated the analysis for a nonlinear vortex profile that is
motivated by micromagnetic simulations [18,20]. In this case,
the local magnetization field is written as

m′(r′) = sech(νρ ′/R) �(1 − r′/R) e′
z

+ tanh(νρ ′/R) �(1 − r′/R) e′
ϕ. (10)

Note that in Refs. [18,20] the magnetization component along
the radial direction e′

ρ is zero on average. The parameter ν

controls the width of the vortex core and relates in the small-ρ ′
limit (first-order Taylor expansion) to the linear vortex coeffi-
cients via m0 = 1 and m1 = ν/R.

In contrast to the linear ansatz, Eq. (10) does not yield a
closed-form expression for the orientationally averaged spin-
flip SANS cross section. We have therefore evaluated the
scattering numerically by sampling the rotation angles (α, β )
on the unit sphere and computing the corresponding two-
dimensional cross sections using NuMagSANS [23].

The resulting symmetry map is shown in Fig. 3. Direct
comparison with Fig. 2 demonstrates that the four symme-
try classes identified for the linear model—fourfold, vertical
twofold, horizontal twofold, and isotropic ringlike—remain
similar upon replacing the linear vortex by the hyperbolic pro-
file. The radial structure modifies the q-dependent weighting
of the axial and vortex contributions and leads to quantitative
shifts of the transition lines, but does not introduce additional
angular harmonics or alter the symmetry classification. The
comparison is therefore made at the level of normalized angu-
lar patterns and symmetry classes, rather than as a pointwise
comparison of absolute scattering intensities.

This robustness can be understood from the Fourier struc-
ture of the scattering integrals. For a cylindrically symmetric

023328-4



ANGULAR ANISOTROPY LANDSCAPE OF VORTEX … PHYSICAL REVIEW RESEARCH 8, 023328 (2026)

FIG. 3. Same as Fig. 2, but based on the nonlinear hyperbolic vortex magnetization ansatz [Eq. (10)] and numerically computed using
the NuMagSANS software package. In this calculation, we used spherical nanoparticles with a radius of R = 20 nm (discretized into a 2 ×
2 × 2 nm3 grid) and 1024 samples for the rotation angles α, β. The vortex parameter ν in Eq. (10) is selected as ν = μ = m1R/m0, as the
hyperbolic vortex reduces (in a first-order Taylor expansion at ρ ′ = 0) to the linear vortex ansatz [Eq. (1)]. The resulting two-dimensional
scattering cross sections are shown up to a maximum scattering vector of qmax = 0.25 nm−1. The code used to generate the data is available on
Zenodo [24].

vortex profile inside a sphere of radius R, the local magnetiza-
tion may be written as

m′(r′) = [G(ρ ′) e′
z + F (ρ ′) e′

ϕ] �(1 − r′/R). (11)

Its Fourier transform reads (see Appendix)

m̃′(q′) = Ĝ(q′
ρ, q′

z ) e′
z − i F̂ (q′

ρ, q′
z ) e′

φ, (12)

Ĝ(q′
ρ, q′

z ) =
√

2

π

∫ R

0
G(ρ ′)W (ρ ′, q′

z ) J0(q′
ρρ

′) ρ ′ dρ ′, (13)

F̂ (q′
ρ, q′

z ) =
√

2

π

∫ R

0
F (ρ ′)W (ρ ′, q′

z ) J1(q′
ρρ

′) ρ ′ dρ ′, (14)

W (ρ ′, q′
z ) =

√
R2 − (ρ ′)2 j0(q′

z

√
R2 − (ρ ′)2). (15)

Hence, the Fourier amplitudes reduce to Bessel-weighted ra-
dial integrals: The axial component couples to J0, while the
azimuthal vortex component couples to J1. The detailed ra-
dial profile enters only through the weights G(ρ ′) and F (ρ ′),
whereas the finite spherical support contributes the geometric
factor W (ρ ′, q′

z ).
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This structure shows that changing the radial profile does
not generate additional symmetry-allowed angular harmonics.
The azimuthal contribution, related to φ′, is fixed by the
cylindrical vector structure and parity of the magnetization,
whereas F and G modify the q′- and θ ′-dependent weights
in the integrals (13) and (14) (q′

z = q′ cos θ ′, q′
ρ = q′ sin θ ′).

Replacing the linear vortex profile by the hyperbolic one
therefore changes the radial form factors not qualitatively, as
Eq. (1) represents the first-order Taylor expansion of Eq. (10),
but it may shift the symmetry boundaries quantitatively.

More generally, within the present spherical-support set-
ting, the angular anisotropy classes are determined by the
symmetry and vector structure of the vortex field, rather than
by the detailed radial profile. This is reflected in the persis-
tence of the topology in Fig. 3. An extension to nonspherical
particle shapes, such as ellipsoids or cubes, would require a
corresponding modification of the particle form factor and, in
general, of the underlying vortex texture. This goes beyond
the present spherical-particle baseline and represents a natu-
ral direction for future work. Similarly, nondilute ensembles
would require the inclusion of interparticle interference and
correlation effects [12]. Selected nondilute examples for re-
lated vortex systems have been illustrated in Ref. [23], where
such effects superimpose additional specklelike or modulation
features on the underlying spin-flip scattering pattern, sug-
gesting a natural extension of the present symmetry-landscape
analysis to correlated nanoparticle assemblies.

IV. SUMMARY AND CONCLUSION

We have developed a symmetry-resolved classification
scheme of angular anisotropies of the two-dimensional spin-
flip SANS cross section from dilute ensembles of spherical
nanoparticles hosting magnetic vortex states. Based on an
analytical expression for the orientationally averaged spin-flip
SANS cross section derived in Ref. [20], which relies on a
linear vortex ansatz and an axially symmetric distribution of
vortex axes, we have analyzed the complete angular solution
space in terms of the dimensionless parameters (μ, αc).

The analysis reveals that the scattering patterns organize
around four analytically accessible reference cases: (1) a
fourfold anisotropy corresponding to the fully saturated mag-
netization limit, (2) a vertical twofold angular symmetry
arising in the limit of aligned vortex axes, (3) a horizontal
twofold symmetry for isotropically distributed vortex axes,
and (4) an analytically determined ring condition at which the
cos(2θ ) contribution vanishes. These limiting cases describe
the full parameter space and define the symmetry landscape
shown in Fig. 2. Intermediate regions correspond to the
continuous interpolation between these symmetry-determined
regimes.

Comparison with a nonlinear (hyperbolic) vortex profile
demonstrates that the identified symmetry regimes are robust
with respect to the detailed radial structure of the vortex
core. Although the radial profile modifies the q-dependent
weighting of the scattering contributions and shifts quanti-
tative boundaries, it does not introduce additional angular
harmonics. The angular anisotropies are therefore governed
primarily by the rotational symmetry and the statistical dis-

tribution of vortex axes, rather than by the specific functional
form of the vortex profile.

The obtained symmetry landscape provides a transpar-
ent classification scheme for experimental two-dimensional
spin-flip SANS data. By linking analytically controlled vor-
tex states to experimentally accessible angular anisotropies,
our work establishes a compact interpretation framework for
vortex-type spin textures in nanoparticle ensembles and re-
lated dipolar-coupled systems.
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APPENDIX: FOURIER REPRESENTATION
OF CYLINDRICALLY SYMMETRIC VORTEX PROFILES

To clarify why the symmetry regimes remain robust under
changes of the radial vortex-core profile, we summarize the
Fourier structure of a cylindrically symmetric vortex texture
inside a spherical particle of radius R. For notational simplic-
ity, we use nonprimed coordinates throughout this Appendix.

We consider a magnetization field of the form

m(r) = [G(ρ) ez + F (ρ) eϕ] �(1 − r/R), (A1)

where

ρ = r sin ϑ, z = r cos ϑ, r2 = ρ2 + z2, (A2)

and � denotes the Heaviside step function. In cylindrical
coordinates, the unit vectors take on the following form:

ez = {0, 0, 1}, (A3)

eϕ = {− sin ϕ, cos ϕ, 0}. (A4)

The Fourier transform is defined by

m̃(q) = 1

(2π )3/2

∫
R3

m(r)e−iq·r d3r. (A5)

Writing

q = {qρ cos φ, qρ sin φ, qz}, (A6)

r = {ρ cos ϕ, ρ sin ϕ, z}, (A7)
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one has

q · r = qρρ cos(ϕ − φ) + qzz. (A8)

Since the support is restricted to the sphere r < R, the Fourier
integral becomes

m̃(q) = 1

(2π )3/2

∫ 2π

0

∫ R

0

∫ √
R2−ρ2

−
√

R2−ρ2

⎡
⎣−F (ρ) sin ϕ

F (ρ) cos ϕ

G(ρ)

⎤
⎦

× e−iqρρ cos(ϕ−φ)e−iqzz dz ρ dρ dϕ. (A9)

The z integration yields∫ √
R2−ρ2

−
√

R2−ρ2
e−iqzz dz = 2

√
R2 − ρ2 j0(qz

√
R2 − ρ2), (A10)

where j0(x) = sin(x)/x is the spherical Bessel function of
order zero. The angular integrals are∫ 2π

0
e−iqρρ cos(ϕ−φ) dϕ = 2πJ0(qρρ), (A11)∫ 2π

0
cos ϕ e−iqρρ cos(ϕ−φ) dϕ = − i 2π cos φ J1(qρρ),

(A12)∫ 2π

0
sin ϕ e−iqρρ cos(ϕ−φ) dϕ = − i 2π sin φ J1(qρρ), (A13)

where Jn represent the cylindrical Bessel functions.
Collecting terms, one obtains

m̃(q) = Ĝ(qρ, qz ) ez − i F̂ (qρ, qz ) eφ, (A14)

where

eφ = {− sin φ, cos φ, 0} (A15)

and

Ĝ(qρ, qz ) =
√

2

π

∫ R

0
G(ρ)W (ρ, qz ) J0(qρρ) ρ dρ, (A16)

F̂ (qρ, qz ) =
√

2

π

∫ R

0
F (ρ)W (ρ, qz ) J1(qρρ) ρ dρ, (A17)

W (ρ, qz ) =
√

R2 − ρ2 j0(qz

√
R2 − ρ2). (A18)

Equations (A14)–(A18) show that the axial part G(ρ) of the
vortex profile couples to J0, while the azimuthal part F (ρ)
couples to J1. The cylindrical radius-dependent profile func-
tions G(ρ) and F (ρ) therefore affect only the weights of the
integrals, whereas the spherical support enters through the
function W (ρ, qz ).
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